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The technique of perturbation analysis has recently been introduced as an efficient way to
compute parameter sensitivities for discrete event systems. Thus far, the statistical properties of
perturbation analysis have been validated mainly through experiments. This paper considers,
for an M/G/1 queueing system, the sensitivity of mean system time of a customer to a parame-
ter of the arrival or service distribution. It shows analytically that (i) the steady state value of the
perturbation analysis estimate of this sensitivity is unbiased, and (ii) a perturbation analysis
algorithm implemented on a single sample path of the system gives asymptotically unbiased
and strongly consistent estimates of this sensitivity. (No previous knowledge of perturbation
analysis is assumed, so the paper also serves to introduce this technique to the unfamiliar
reader.) Numerical extensions to GI/G/1 queues, and applications to optimization problems,
are also illustrated.
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1. Introduction

The perturbation analysis technique has recently been developed as an effective
method for sensitivity analysis of complex discrete event systems. It enables the sensi-
tivity of a performance measure to be calculated while observing a single sample path of
the system. It therefore offers computational savings for computer simulations, and it
also has the ability to be applied directly on actual systems. Thus far, much of the
research on perturbation analysis has focused on experimental results demonstrating its
accuracy for various complex systems (further details and references follow below). It is
clear that for a practically useful new approach such as this, it is also important to study
its theoretical properties. As a step in this direction we study here perturbation analysis
applied to an M/G/1 queue. While this is a simple and analytically well understood
system from the viewpoint of queueing theory, it nevertheless is nontrivial, and pro-
vides a good test case for perturbation analysis techniques. Only by understanding the
behavior of perturbation analysis for simpler systems can we hope to study its proper-
ties for more complex cases.

The current paper requires no previous knowledge of perturbation analysis. Indeed,
it is written so as to give the reader an introduction to this technique as well as present
the new results. An overview of our result is as follows. Let y(w, 6) be some performance
measure of a discrete event system, where 6 is a decision parameter and » denotes the
outcome of various random events (formalized later). Examples would be y = through-
put of a system, § = mean service time of a server in the system, w = the values of actual
interarrival and service times that occur during a sample observation on the system. Let
y(0) = E[y(w, 6)] where E(-) denotes expectation w.r.t. . We assume that analytic
expressions are not available for y(6), and the system designer must use Monte Carlo
experiments to study the system. In system design we are often interested in the sensi-
tivity of y(0) to 6, i.e. the value of dy/d#, so that we may optimize the performance with
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respect to 8. Conventionally, this might be estimated by a quantity such as [y(«', 8 + Af)
— y(w, 0)]/A0, where w and ' may or may not be the same (depending on experimental
design). This involves two Monte Carlo experiments. The perturbation analysis ap-
proach shows that an alternative statistic, g(w, ) defined by

_ i Y@, 0+ A8) — y(w, 6)
gl ) = Jm, Y

can be obtained from a single Monte Carlo experiment, the same ‘“nominal” experi-
ment used to obtain y(w, 6). The question then arises, is g(w, ) an unbiased estimate of
dy/db, i.e. does E[g(w, 6)] = dy/df? Note that dy/df involves expectation first, then
differentiation, while E[g(w, 6)] involves the converse. While apparently a simple ques-
tion in conditions for changing the order of operations, this turns out to be quite hard to
answer for general discrete event systems. Here we consider an M/G/1 queue, with A the
parameter of the (Poisson) arrival rate, and 6 a parameter of the (general) service time
distribution. The performance measure is taken to be T(\, §) = steady state value of
mean time spent in the system by a customer. We show analytically that a perturbation
analysis algorithm, implemented on a single sample path of such a queue, gives a
strongly consistent and asymptotically unbiased estimate of dT/df. The same is proved
also for dT/d\.

This result is of interest because first, it shows that the reversal of operations above is
valid for this system. Second, researchers working on perturbation analysis have en-
countered frequent criticism that their algorithms are derived by using assumptions
that are not valid for sufficiently long sample paths. (This criticism will become clearer
below.) This paper reassures us that, at least for the system under study here, perturba-
tion analysis is indeed valid. We hope that similar results will become available for
more complex systems in due course.

Lastly, this paper also illustrates applications to GI/G/1 queues, in particular to
parameter optimization for these systems. It is seen that perturbation analysis provides
an interesting optimization ability, as well as computational savings, for such cases.

2. Background on Perturbation Analysis

The perturbation analysis approach has its origins in a paper by Ho et al. (1979) for
buffer storage optimization in a production line. Since then, considerable progress has
been made in formalizing as well as extending the basic concepts. It is useful to classify
the perturbation analysis research into two categories: infinitesimal and finite pertur-
bation analysis. While the original paper above, and many other applications (Ho et al.
1983, Suri and Cao 1982, 1983), have produced useful experimental results using finite
perturbation analysis, theoretical understanding of these algorithms is still lacking. In
contrast, the theory of infinitesimal perturbation analysis is much better developed. Ho
et al. (1983) and Ho and Cassandras (1983) derive algorithms for throughput in produc-
tion lines (tandem queues), while Ho and Cao (1983) and Cassandras and Ho (1984)
derive corresponding algorithms for throughput in queueing networks with general
service times and finite buffers. Suri and Dille (1985) apply these algorithms to flexible
manufacturing systems (FMS). Suri (1987) uses infinitesimal perturbation analysis to
derive an algorithm for a general performance measure and general discrete event
system. All these papers show that the sensitivity g(w, 0) as defined above, can be
computed exactly from one sample path (i.e. one observation on the system). However,
the question of equality of E[g(w, 0)] and dy/df is not addressed there, except via
experimental results.

Two earlier papers contain results related to our work here. Cao (1985a) has given
conditions under which perturbation analysis gives unbiased estimates of parameter
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sensitivity. Qualitatively, his results are illuminating, but some of the technical condi-
tions are hard to interpret for practical systems. Ho and Cao (1983) showed that
perturbation analysis is exact (in the expected value sense) for a certain restricted class
of queueing networks, specifically, closed queueing networks with M servers that have
identical service rates, exponentially distributed service times, and unlimited buffer
space, and the customers have equal probability of going to any server next. This could
be considered the first proof that perturbation analysis works for a “classic” discrete
event system. Although reassuring in its results, a possible criticism might be that some
potential error effects in the perturbation analysis estimates cancel out due to the
symmetry of the system. The current paper considers another “classic” discrete event
system, simple yet nontrivial. Certainly no criticism on the basis of symmetry is possi-
ble here, and we show conclusively that the steady state values of the perturbation
analysis estimates of dT/df and dT/d\ are both unbiased.

Since the original writing of this manuscript (1984), Heidelberger et al. (1987) have
also given some results on the consistency of infinitesimal perturbation analysis for
regenerative systems. However, his conditions and assumptions resemble those of Cao
(1985a) discussed above and are equally hard to interpret. Also, Heidelberger et al.
(1987) only consider infinitesimal perturbation analysis. The limitations reported in
that paper can be circumvented by means of more sophisticated techniques. For exam-
ple Ho and Li (1987) report such a sophisticated perturbation analysis algorithm that
gives consistent gradient estimates for a network for which Heidelberger et al. (1987)
show that infinitesimal perturbation analysis estimates are biased. Thus, determining
the class of systems for which consistent perturbation analysis algorithms can be de-
rived, remains an open question. The current paper represents one of the first steps in
verifying consistency for a given class of systems.

3. Definitions
3.1. System Model

Consider the M/G/1 queueing system (Kleinrock 1975) with the following notation.
The arrival process is Poisson with rate \. We use the dummy variable x to represent a
particular value of the service time. The (cumulative) service time distribution is
F(x, 6). Note that the service time distribution depends on a parameter 6. The idea here
is that 8 is a decision parameter that could be chosen by a designer/operator of the
system. In general 6 could be a vector. Also there are some restrictions on 8. These
points will be elaborated later. The first two moments of this distribution are X and x?
(which therefore, also depend on ). We are interested in the mean system time of a
customer, in steady state, given by the Pollaczek-Khinchin, or P-K, formula (Kleinrock
1975)

A2
2(1 =A%)
The sensitivity of this mean system time to 6 is then obtained by straightforward
differentiation to be

T\, 0) = x + 3.1)
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Similarly, the sensitivity with respect to A is
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These are the two sensitivities that will be estimated in an alternative way using pertur-
bation analysis.



