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Infinitesimal Perturbation Analysis (IPA) is a method for computing a sample path derivative
with respect to an input parameter in a discrete event simulation. The IPA algorithm is based on
the fact that for certain parameters and any realization of a simulation, the change in parameter
can be made small enough so that only the times of events get shifted, but their order does not
change. This paper considers the convergence properties of the IPA sample path derivatives. In
particular, the question of when an IPA estimate converges to the derivative of a steady state
performance measure is studied. Necessary and sufficient conditions for this convergence are
derived for a class of regenerative processes. Although these conditions are not guaranteed to be
satisfied in general, they are satisfied for the mean stationary response time in the A/ G/1 queue.
A necessary condition for multiple IPA estimates to simultaneously converge to the derivatives
of steady state throughputs in a queueing network is determined. The implications of this necessary
condition are that, except in special cases, the original IPA algorithm cannot be used to consistently
estimate steady state throughput derivatives in queueing networks with multiple types of customers,
state-dependent routing or blocking. Numerical studies on IPA convergence properties are also
presented.

(SIMULATION; SENSITIVITY ANALYSIS; PERTURBATION ANALYSIS; QUEUES; DIS-
CRETE EVENT SYSTEMS)

1. Introduction

Infinitesimal Perturbation Analysis (IPA) is a technique for calculating a sample path
derivative with respect to an input parameter in a discrete event simulation (see Ho,
Eyler and Chien 1983, Cao and Ho 1983, Ho and Cao 1983, Ho, Cao and Cassandras
1983, Ho, Suri, Cao, Diehl, Dille and Zazanis 1984, Suri and Zazanis to appear, Cao
1987a, 1988, Suri 1983 and 1987, Zazanis and Suri 1985a, b, Cao and Ho 1986 and
Zazanis 1986). A closely related algorithm for calculating sample path derivatives in
certain queueing networks has also been described in Woodside (1984). For example,
in a queueing system simulation we might be interested in estimating the mean response
time and its derivative with respect to the mean service time. The primary assumption
of IPA is that if the change in the input parameter is small enough, then the times at
which events occur get shifted slightly, but their order does not change. The IPA algorithm
shows how a very small change in a parameter generates event time ‘“‘perturbations” and
how the perturbation associated with one event affects the times of subsequent events.
Since events do not change in order, the effect of these perturbations can be tracked
efficiently during the simulation run, thereby obtaining the sample path derivative with
only moderate overhead. A technique called First Order Perturbation Analysis, which is
in general an approximation, has been proposed to estimate the effect of a finite change
in the value of an input parameter (see, for example, Ho, Cao and Cassandras 1983).
An alternative approach to estimating derivatives based on likelihood ratios and the
variance reduction technique of importance sampling (see, for example, Hammersley
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and Handscomb 1964 and Halton 1970) is described in Glynn (1986), Glynn and Sanders
(1986), Reiman and Weiss (1986 ) and Rubinstein (1986). This paper will only consider
the Infinitesimal Perturbation. Analysis algorithm as it was originally proposed.

For example, consider a single server queue and suppose that the service time of the
nth customer is S, = 60X, where X, is a random variable with mean one and 0 is the
parameter of interest (6 is the mean service time). Here, for simplicity, we have assumed
0 to be a scale parameter of the service time distribution, although more general parameters
can be handled (see Suri and Zazanis 1988). If § changes by df then S, changes by d6.X,,.
The first customer’s departure time changes by df.X;. Similarly, the nth customer’s de-
parture time changes by d6X, + - - - + dfX, provided customer # is served in the first
busy period. If there are 7 customers served in the first busy period, and if df is small
enough, then there are 7 customers served in the first busy period of the system when
the parameter is 6 + df. In this case, the departure time of customer 7 + 1 changes only
by dbX..:, i.e., the departure times of the customers served in the second busy period
are unaffected by the change in departure times of customers served in the first busy
period. Fixing a positive df is never required since we only need keep track of terms of
the form 2}, 2i-; Xu.

The key questions associated with IPA concern the statistical properties of these sample
path derivatives, in particular their convergence properties. This paper addresses the
question of when an IPA sample path derivative converges to the derivative of a steady
state quantity. Let 7(6) denote the steady state quantity and let 7(0, ¢) be an estimate of
r(0) after a simulation of length ¢. Assume that lim,—., 7(6, t) = r(6) with probability
one. Suppose that we are interested in estimating the derivative of r(8), r'(8) = dr(0)/
db. Let the IPA sample path derivative be

7'(0, t) = d_aa: 70, 1) = }nir—l?o [7(0 + db, t) — 7(6, t)]/db.

The key question concerning IPA estimates (see also Cao and Ho 1987) is whether or
not they are strongly consistent, i.e., does

d d. . 2. d,
B r(0) = g7 11112 7(0,¢t) = ,11‘2 P 7(6,t)

with probability one? This is the classical question of when the order of two limits can
be interchanged.

The IPA algorithm is derived by observing that for any simulation realization, or
sample path w, and for any finite run length ¢, there exists a 6(w, t) > 0 such that if | df |
< 6(w, t), then the order of events does not change and only the time shifts need to be
considered in estimating the derivative. However, given a fixed d#, for some sample paths
w, | df| < é(w, t) in which case the order of events does not change, but for other sample
paths w, | df| = 6(w, t) in which case the order of events does change. In particular, as
t = oo, the probability should approach one that, for a fixed df, the order of events
changes.

This situation has been recognized in the IPA literature, but at the same time, IPA
has been shown to give strongly consistent estimates for:

1. The derivative of the mean stationary response time in the A/G/1 queue (Suri
and Zazanis 1988) and the first two derivatives of the mean stationary response time in
certain GI/G/1 queues (Zazanis and Suri 1985a). Estimating the second derivative
requires an extension to the IPA algorithm.

2. The derivative of the higher moments of the stationary response time in the M/
M/ 1 queue (Zazanis 1986).

3. The derivative of the stationary throughput with respect to a mean service time in
a closed Jackson network with a single type of customer (Cao 1987c). Cao (1988) and
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Cao and Ho (1986) have also shown that IPA produces unbiased estimates of the deriv-
atives of the transient throughput and transient mean response time in a closed Jackson
network with a single type of customer. Experimental evidence in Cao and Ho (1983)
suggests that IPA may produce strongly consistent estimates in open Jackson networks
with a single type of customer.

For a fixed ¢, intuitively, if the probability that the order of events changes is o(df),
then the interchange in order between expectation and limit should be justified and IPA
will yield an unbiased estimate of the derivative. However, in the above mentioned cases
the probability that events change in order is O(df), which is of the same order as the
IPA approximation 7(0 + df, t) ~ F(0, t) + d87’'(6, t), and yet IPA produces consistent
estimates! For example, the straightforward IPA estimate of the derivative of the number
of customers served in a busy period is identically zero whereas the derivative of the
expected number of customers served in a busy period is not zero. Similarly, in a finite
state space continuous time Markov chain, such as a closed Jackson network, with gen-
erator matrix Q = (g;;), dPu/dq;; # 0 where P is the probability transition matrix of
the embedded Markov chain. That is, if § = g;;, then, with probability O(d#f), the next
state in the chain with parameter 6 + df is different from the next state in the chain with
parameter 6.

In this paper, by examining the IPA convergence question in detail, we will explain
this apparent paradox and more clearly identify the domain of applicability of IPA.

It should be noted that the original IPA algorithm constitutes but a portion of the
body of research on Perturbation Analysis. In particular, several extensions of the IPA
algorithm have been developed, some heuristic and others with an analytical foundation.
These extensions increase the domain of applicability of Perturbation Analysis, and specific
references will be given at appropriate points in the paper.

In §2 necessary and sufficient conditions are given for IPA to produce strongly consistent
estimates in a class of regenerative processes. It is then shown that the IPA estimates are
strongly consistent in the M/ G/ 1 queue not because the probability that events change
in order during a regenerative cycle is o(df) (which it isn’t), but rather because certain
limiting expectations (as df — 0) that are not estimated by IPA cancel each other out.
These expectations exactly measure the limiting effect of a change in event order. An
intuitive explanation for this cancellation is provided. A heuristic argument is then given
that shows why IPA works for closed Jackson networks. This heuristic argument clearly
identifies an assumption of customer homogeneity that is required by IPA.

In §3, necessary conditions are derived that must be satisfied if the original IPA al-
gorithm is to simultaneously produce strongly consistent estimates of throughput (event
rate) derivatives in essentially arbitrary discrete event stochastic systems. If A\;(6) and
\2(0) are steady state throughputs and if IPA produces strongly consistent estimates for
A1(0) and A\3(0) for all # in some interval, then there must exist a constant ¢ such that

Ai(0)/2(0) = ¢ (L.1)

for all 4 in the interval. Among the implications of this result are that, except in special
cases, IPA cannot in general be used to consistently estimate throughput derivatives in
queueing networks with multiple types of customers, state-dependent routing or blocking
due to finite buffers. References will be given to several different extensions of IPA that
can alleviate these problems in certain situations. These extensions either provide exact
results (i.e., strongly consistent derivative estimates) in specific simple queueing systems
or provide approximate, but potentially accurate, results (i.e., single run finite difference
approximations to the derivatives) in more general systems.

The results of §§2 and 3 complement, extend, clarify and synthesize other results on
IPA convergence. For example, Cao (1985) discusses how an IPA estimate will typically
be biased if the sample output estimate is a discontinuous function of the input parameter



