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The Bivariate YULE Distribution
and Some of Its Properties
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Summary. In this paper, a bivariate extension of the YuLk distribution is defined and
some of its structural properties are examined. It is shown in particular, that it can be
obtained in the context of a bivariate STER model and as the only distribution with tail
probabilities satisfying certain conditions.
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1. Introduction

The Yule distribution with parameter ¢=>0 (YULE (g)) is the distribution whose
probability function (p.f.) p, (=P (X ==)) is given by
ox!

Pe=ho, 0L 2. (1.1)
where ay,=1I" (a+b)/I'(a), a=0, bER. This distribution was obtained by Yure
(1924) in connection with biological data and has been found to provide a useful
model in various other fields. For example, MITZUTANI (1953) used it to study the
frequency of words comprising the vocabulary of women’s magazines. SmMON
(1955, 1960) and HarcHT (1966) suggested it as a model for interpreting word
association data. Further, Simon (1955) pointed out that income distributions
can be expressed in terms of the Yule distribution and hence consgidered it in
connection with economic data. For economic applications, it was also considered
by KENDALL (1961). In the same paper, KENDALL suggested it as a model for
describing bibliographic data. XERALAKI (1984c) showed that the Yure distri-
bution can arise in the context of an econometric model. Finally, XEKALAKI
(1983a) obtained the YurL® distribution in connection with an income under-
reporting model as well as a demand distribution in inventory control problems.

Some of the applications obtained in the latter paper were based on the follow-
ing mathematical model.

Let X, Y be two nonnegative, integer-valued random variables (r.v.’s) with
pi’s P(X=xz)=p, and P (Y =y)=gq, respectively. Assume that
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Then
=p,, r=0,1,2, ..

ifand only if X has the YuLE distribution with parameter g and p.f. given by (1.1).

The distribution defined by (1.2) is known in the literature as the STER
distribution (as its probabilities are Sums Successively Truncated from the
Expectation of the Reciprocal of the r.v. X (BIssINGER (1965))). It arises often
in inventory decision and income underreporting problems (see e.g. XEKALAKI
(1983a)). In the context of these problems, when the distribution of demand or
income is of a YULE form, some interesting results stem from (1.2) as shown by
XERALAKT (1983a, 1984c). These can be regarded as the discrete analogues of
results that hold for the PargTro distribution which is a continuous approximation
of the YuLEg distribution (KENDALL (1961)).

In the area of income (or demand) analysis it is often useful to study the distri-
bution of income (or demand) in two consecutive time periods. This leads to the
question of examining the possibility of extending the concepts of the STER and
YuLE distributionsto the bivariate case and studying their interrelationship.

So, in this paper a bivariate YuLr distribution as well as a bivariate analogue
of the STER model are defined and a uniqueness property of the former is shown
to stem from the latter (section 2). Further, the bivariate Yule distribution is
shown to be determined uniquely by two conditions on its tail probabilities
(section 3).

2. The bivariate STER model and the bivariate Yule distribution

A bivariate extension of the YULE distribution will be constructed from the bi-
variate generalized Waring distribution (BGWD(a; &, m; ¢)) defined by XExra-
LAKI (1984a) to be the distribution with pf. P (X =r, ¥ =1)=p,, given by
Ok +m) Y +1Rery™@) 11
_ 2= 2.1
P +Q)+m (B+E+m+o)piy vt U (2-1)

a,k,m,e=0;, r=0,1,2,..; 1=0,1,2,..

Definition 2.1. A random vector (X, Y) will be said to have the bivariate YuLE
distribution with parameter g if its p.f. is given by (2.1) fora=k=m=1, i.e. if
e (r +1)! \

, rl1=0,1,2 .. 2.2
(e + D yi42) (2.2)

pr,l =

0=>0.

This distribution can be thought of as a natural two-dimensional extension
of the YuL distribution as given by (1.1) as both of the marginal distributions
are univariate YULE distributions with parameter . It is also worth noting that
the probabilities p,, are symmetrical in r and 7 (pry=p1,,7,1=0,1,2,..) and
constant on the line r+I=n, n constant (p,,_,=p, n_,» r+1, 7,7 =0,1, ..., n).
Furthermore, as it follows from a result given by XERALAKT (1984b) it can be
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considered to be the discrete analogue of a one-parameter bivariate extension of
the ParETO distribution with probability density function

fla, y)=(a+o+1) 00 @+y+o+2)7@*?, =,4,0>0.

Definition 2.2. Let p,;, r,1=0,1,2, ..., be the p.f. of a discrete random vector

7
(X4, Xo), ie., pu=P(X,=r, X,=0), with c-1=)] 37 r’? P,;>0. Then the
distribution defined by r=l l=1 7

<o oo

P(Yy=r, Vo=l)=q,,=c 3] 3] 2L ,1=0,1,2, .. (2.3)

z=r+1 y=l+ix+y

will be called the bivariate STER distribution.
Another distribution that can also be constructed from (2.1) and that is going
to be used in what follows is the bivariate Waring distribution.

Definition 2.3. A random vector (X, Y) will be said to have the bivariate
Waring distribution with parameters @ and o (BWD(a; o)) if its p.f. is given by
(2.1) for k=m=1, i.e. if -

[0)) G(r +1)
= . , r,1=0,1,2,.. a,0=>0. 2.4
Pra (a+o)@y (a+e+2)¢+n e (2:4)

Obviously, BWD (1; p) ~BYD(p).
The following theorem can now be shown.

Theorem 2.1. Let (X, X,), (Y4, Y4) be random vectors with nonnegative integer-
valued components. Assume that the p.f.’s of (X, X,) and (Y4, Y,) satisfy (2.3).
Then the distribution of (Y, Y,) is the BWD(2; o), 0 =>0 defined by (2.4) for a=2
if and only if the distribution of (X4, X,) is the BYD (o +1), 0=0.

Proof.

Necessity. Assume that (2.3) is true and let (X, X)) ~BYD (¢ +1) i.e.
— (e +1)@) (= +y)!
(e+2)@+y+2)
We will show that (Y, Y,) ~BWD(2; o).
Substituting for p,, from (2.5), equation (2.3) becomes

x,y sy XY =0: 11 2: v (2'5)

= = (@Ay—1)!
gra=¢ (0+1)e >/

213l y=i+1 (@ T2 @4y +2)
(x+y+r+1+1)!

=cle+ 1o %’ (€ +2)@+y+r+1+b)

=c(o+1)g (r+1+1)! T +1+2) @4y

(0+2)¢r+1+5 5y (@+r+1+6)gyy
_clete2e+p (etrtli+de _ cletle _ 2e4 (2.6)
@+2)¢+1+4) (e +2)) (e+2)e (@+2)¢+1+2) .

r,1=0,1,2,.. 1=1,2.




314 statistics 17 (1986) 2

Here }] represents the double summation 2/ 3. Summing both sides of (2.6)
2,y Z2=0y=0

over r, I we get

c=¢ (0+3).
Then

o) 2¢+0
= ———, 1, 1=0,1,2,.. 2.7
= e+ Vet &7

But this is the p.f. of the BWD(2; p).

Sufficiency

Let (2.3) be true and let (Y, Y,) ~BWD(2; ). We will show that (X, Xy) ~
~BYD (p+1).

From (2.3) we obtain for r,1=0, 1, 2, ...

o Priie
Gp—Grr1a=¢ ) = (2.8)

st x+r+1’

_ O Pai+t -
Ga—tae=C 3 0T (2.9)
_ o Pritz 5 Prit1 Preti+t
Qr,l*4r+1,l+1_c{x=21+1 m——+r+1+z=§1 x—_+l+1 'r+l+2}' (2.10)
Hence, from (2.8), (2.9) and (2.10), it follows that
Pri11
Trrtgrt = Grirg—Grper =0~ | 5 1=0,1,2, ... (2.11)

r+l1+2 °
Substituting for ¢, , from (2.7), equation (2.11) becomes
- (r+1)!
Pra=¢ "o 1 e+ )
Summing over r, I we obtain c=¢ (¢ +3). Hence
_ (e + 1)@y (r+1)!
(0 +2)¢r 1142
But this is the p.f. of the BYD (¢ +1). Hence the theorem is established.

, r1=0,1,2, ..

7l

3. A uniqueness result based on tail probabilities

We now provide the following uniqueness theorem.

Theorem 3.1. Let (X,, X,) be a random vector of nonnegative integer-valued’\
components with p.f. p,;,r,1=0,1,2, ... Then

P(Xy>r, Xo=0)=P (X =r, Xy,>l)=a (r+1+1) p,,
0<a<1, r,1=0,1,2,..%

if and only if (X4, X) ~BYD (} - 1) .
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The proof of this theorem can be obtained as a special case of a more general
result given by the following theorem

Theorem 3.2. Let (X,, Xo) be @ random vector with nonnegative, integer-valued
components and let p, ;=P (X =r, X,=1),7,1=0,1,2, ... Then
P(X,>r, Xy,=0)=P (X,=r, Xo=1)=(ar +al+b) p,; (3.1)
O<a<1, b=0, r,1=0,1,2,..

b i
if and only if (X 1, Xo) ~BWD (;; ;_1)
Proof.

Neeessity

Assume that (X, X,) ~BWD(a; ). We will show that equations (3.1) are
satisfied. -
Substituting for p,;in P (X >r, X,=l)= D) p,, we have

z=r+1
P(X1>r,X2=l):-iL o Yeth
(o +0)@) gri1 (x+e+2)@4p

e %y 41 4+1) = (a+r+l4+1) g

T (@t (xtetpir+ty 0 (@te+tr+i+3) g

e A +1+1) ato+r+l+2

T (xt0) (xte+2)e it e+1

a+r-1
= 9_*_1 pr,l
r, 1=0,1,2,

In a similar way we prove that

a+r+1
P(X,=r, X2>l)=eT Py - 1,1=0,1,2, ..

Hence the two tail probabilities in (3.1) are equal and of the form (ar +al +b) p,;

with a= b=— Obviously 0<a <1, b>0. Therefore, necessity has been

e+1’ o+1’
established.
Sufficiency
Assume that equations (3.1) are true. We will show that (X, X,) ~BWD
b 1 .
(—; —— 1) .
a a
One may observe that
P(Xy>r, X,=0)—P (X;=r+1, Xo=l)=p, 11, (3.2)
P (X1='r, X2>l) - P (Xiz_r, X2 >l + 1) =pr,l+i , 7 l=0, 1, 2, ves
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Then, combining (3.2) with (3.1) we obtain the equations

b
7'+l+;
Provi =371 Pra=0
i ——
a
b
r+l+—
a
pr,l+1__mpr.l20= T,Z:O, 1, 2, vee
r+ly—

b 1
But these are uniquely satisfied by the p.f. of the BWD (;; ;—1) under the
condition 3 p,,=1. This completes the proof of the theorem.

7,0
Obviously, the result of theorem 3.1 can be obtained from theorem 3.2 for b —a.

Note: The univariate analogue of the result in theorem 3.2 has been shown by
XEEALAKT (1983Db).
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