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A METHOD FOR OBTAINING THE PROBABILITY
DISTRIBUTION OF m COMPONENTS CONDITIONAL
ON [ COMPONENTS OF A RANDOM VECTOR

EVDOKIA XEKALAKI

1. THE RESULT

Let X = (X}, X,, ..., T,) be a random vector of nonnegative and
integer valued components and let p, and Gx (W) =Gy, x,, . x, (U, Uy, ..., %)
denote its probability function (p.f.) and its probability generating func-
tion (p.g.t.), respectively, ie., p, = PX) =2, Xy =1t5,...,X, =ux,)

and Gx(u) = V. p, IT »". Here Y. denotes the multiple summation
LTINS =1

xlsw-;xs

Bk Ey .
Yy Y ... Y where keIt u{too),i=1,2,...,s. Obtaining the p.f.
=0 2,=0 x =0 -
of the conditional distribution of a random veector consisting of m, m < ¢
components of X given some of the remaining s — m components from
p, can sometimes be tedious, especially when P, is of a complicated form.
However, utilizing Gy(u) the task of obtaining the conditional p.g.f.
of the particular vector can hecome easier. Subrahmaniam (1966) showed
that, for s = 2, the p.g.f. of X, conditional on X, can be obtained by
y 0% 0%
(fX,‘tX" (u) = ~——— Gx,x,(u, 0) = — - GXIXZ(I, 0).
’ ou* ) ou
Steyn and Roux (1970), based on a restatement of the theoren: of com-
pound probability distributions, gave the following formula
Gx(U) = 3 pu, s i uBGy, XXy oo X(Up ooy )
Tty s .
from which the p.g.f. of the conditional distribution follows if the joint
p.g.f. Gy(u) and the marginal p.f. Ps,,.,...x, Are known, _
We now prove the following theorem which provides a multivariate
version of Subrahmaniam’s result. .
THEOREM. Let X, ..., X, be discrete »r.v.’s with joint p.g.f. G, (ua).
Then,

Gx, ... X gy oo Xg(Ugy oy ) =
____.__az Y .
(1.1) oum e Ga(Uyy ooy Upy 0,...,0) =
e ai’f G(1 1,0,...,0)
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Wwhere ot == X4y - T - - 00 7
Proof. We have
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We ‘will show that
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where & = @,,, + ... -+ x,. We have
, "
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But
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T ulnn Gy(Upy ove sy Umy Oy Unsg ooy uy) =
m1
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e G (Uygy ooy Uy 0,0, ceey Uy) =
()N:{:_V_; ()“:{)f:f x( 1 s Ymy 3y Vy Ym+3y ’ a)
= : . . ap% z . . z z
Z _p’ﬁ...zsu/[l o umm (l'm+1) ! (-Lm+2)! um’i‘? o us".

X o Ti a0 %s
By induction we obtain (1.3). We notice that

9% . Lo
i j—
e I Ge(l, ..., 1,0, ...,0) =

m-1
o ! N » R v 1
— H Xy . )_4 Pz g = H @ ! Prpr.. T
izmtl | ET™ izm+1

So that

1 5
(Ld)  ponmy,.. o= T T Gl 1,0, 0)

m--1 s

izml

Using (1.2), (1.3) and (1.4) we obtain the result.
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Note. Obvious modifications to the proof of the theorem lead to a
more general formula concerning the p.g.f. of (X, X4, ..., X;,) condi-
tional on (.0, ., Yi,,, o Xuy), where (i, iy, ..oy 00) aNA (Gyigy Tiagye - -3 11)
are permutations of the subseripts (1, 2, ...,s) taking m and [ at a

time respectively (m, I> 1;m +1 € s).
2. SOME EXAMPLES

. As an illustration of the result shown in the previous section we
consider obtaining the p.g.f. of the conditional distribution of (X}, X,, ...
o U0 Y sy Ve oo, X)), mo < s in two cases.

Ireample 1. Let (X, X,, ..., X,) have an s-variate binomial distri-
hution  with  p.g.f. Gx(u) = (py 4+ Py + pats + ... + pay)*, nel”,

pi=0, i=0,1,2,...,8; ¥, pi =1 — p, Then

i=1

AJ - - - 7 —
(J‘\'p.'_,,\:Y,L“X,,,H,‘_A,AS (lll, ceay um) =

§ s § ot
=" I pipe + pitit. oo (P attn) 5 =0 I p;”f(l - Y pi) =
i=m 1 t=m-1 1

o= (p(; + P]’ Uy + e —{.- l)"n um)n—x’
X
where o is defined as in the theorem, n® = I (n— i+ 1), and p)=

= p,_;’(l. }: p,), t=10,1,2,...,s.
i=m-}-1
Example 2. Tet (X}, X,, ..., X,) have an s-variate negative binomial
distribution with p.g.f. Gx(u) = (1 + 6,(1 — wu,) + ... + 0,1 — u,))7¥,
k>0, 0, >0,7=1, 2,...,s. Then, :

¥ - —
GXV...:Xm‘Xm_,vl;...x“-x(uly ey um)"
s

= ke TLOF(L -+ 01 — w) 4 o ov A Ou(l — )™ = &,y [ 07 =
t=m-+1 t=m+1
= (1A 0L —wy) + oon A Ol — un)) 77,
where « is defined as before.
Receeived July 27, 1983 Department of Statistics and Actuarial Science

The University of lowa,
lowa City, Iowa 52242, USA

REFERENCES

L. [l S. Steyn and J. J. J. Roux, A method for oblaining generating functions of conditional
distributions and some applications. South African Statist. J. 4(1970), 59 —66.

2. K. Subrahmaniam, .\ test for intrinsic correlation in the theory of accident proncness. J. Roy.
Slatist. Sec. Ser. B 28(1966), 180--189.



