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S ABSTRACT

o e ot ot

- Compound Poxsson distributions (CPD's) have prov1ded Solutlons for
. many statistical problems where the simple Poisson model has not
been found adequate to describe. An interestirg property of the CPD
is revealed in the present paper in the form of two characterizations,
The bassic assUmption is that the conditional distribution of two 2
random variables (r.v.'s) has a compound biromial form (CBD)., The NE
" results obtained are examined .in relation to a problem of traffic
' acc1dents. Other possible. appllcatlons are mentioned.

INTRODUCTION

- - - -

_Consider two non-negatlve 1nteger-valued r.v.'s X,Y with XY, ,
Suppose that the conditional distribution of Y}X is binomial with

- parameters (n,p), n=0,1,2,...; Ocp<l and p independent of n. It is
known , and can be checked easily, that under the above assumption
the distribution of Y is Poisson with parameter Ap, *>0 (Poisson(ip))
if and only if (iff) X is Poisson (A). This model has been extensi-
vely used in the literature under different names in many practical
-gituations, :

One area ln which the model has found con81derab1e use is that of
accident theory. One possible interpretation has been given by
Leiter and Hamdan (1973)., They have considered the bivariate distri-
bution of . (X,Y) as a model for highway accidents. X represents the
number of hxghway accidents in a given locality and for a given pe=~ .
riod and ¥ is the number of fatal accidents among these X accidents.
- However, they found the fit to a certain set of accident data unsa-
tisfactory. It is possible, therefore, to guestion the model for
either Y|X or X or both. One may consider, for example, that either
p or A or both are not constants. Instead, they may be assumed as -
r.v.'s with distribution functions F(p) and G(\), respectively. The
. corresponding distributions then will have a compound form. The
distribution of Y|X will be binomial compounded by F(p) (binomial
(p} F(p)) and that of X will be Poisson (A)~G(A). 'The question
"~ arises then whether the distribution of Y can be characterized from
the form of the distribution of X. This will simplify the use of the
model. It will also provide many alternative models depending on the
form of F(p) and G(A). The following theorems look into the problem.
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THE ‘MAIN RESULTS

U o e e e s

Theorem 1. Suppose that FOr the non—negatiyé, integer-&alued T.v.'s

v - e e e

X, Y we have that o 7
PCY=r|Xen) = f (™)F™ “arcp) r=0,1,... | | )

(i.e., blnomxal (p)»F(p)) Then Y is Po1sson (kp)~F(p) 1ff x is
Poisson (\). :

Proof: The "1f" part is stralghtforward. For the '%:nly ifn

— - o

part suppose that Y is Poisson (Xp)»F(p), .e., that
P(Y=r) = f exp(-Ap) ~(—L—dr(p) r=0,1,000 o o (2)
On the other hand we have g , | . “ o
P(m) = ; P(Xan)P(Yar|Xen) = z P (X=n) f -(;)pfgg’?gg(gg £=0,1y e (3)
The x-th factorial moments (f. m.'s) of the Aistributibns giyén byfﬁ 

(2) and (3)lare, respectlvely oy

u(x)(r)_z'f r_xexp(~kp)——E~— r(r-1)...(r-x+1)dF(p) j(sp)*ﬁf(p) (4)
and : ._o : BRI e '
By = B r(ea)... (oxat) ] L, P(Xzn)(MpTq" ”ar(p)
L : : . - 0
1 o
= f‘n§r [ y r(r-1)...(r-x+1)(n)pr n r]P(x-n)dr(p)
B } [ z n(n 1)...(n—x+1)px] P(X:n)dF(p)l'
5 . S
= u(x)(n) f P dF(P) " A . : _ (5)

\where u( )(n) denotes the x-th f.m. of P(X-n))

‘ombining (2), (3),(&),(5) we and that

l(x)(n) = xx E X=1 2,.0. -

‘onsequently, the f.m.'s of the distribution of the r.v. X are the

iame as those corresponding to the Poisson distribution. This
mplies that the r.v. X has the same moments as a Pnzsson varxable.
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Since the Poisson dlstrlbutxon is uniquely determined by 1ts

moments the result follows. o

-IQ?QEE@-%; Let X, Y be as in theorem 1. In addition, assume that
the dxstrlbutlon of - X .is determined uniquely by its

fom.'s and that - :

J xxdc(x) < = for » 0, x=0,7,.00 .

Then Y is Poisson (xp)-c(x).r(p) iff X .is P01sson (x)‘c(x)

Proof:. The “if'' part of the proof 1s_straight,forward. As far as
"""" the " only if" part is concerned,; by following the argument
of the proof of theorem 1 we have that the x-th f.m. of the distri-
butlon of X is given by ' . .

Kexy(n) = l A da(n). o 1 VUL (&)

"~ It is now known that the x—thf‘un of tha CPD is of the form (6).
Since we have assumed thah the dlstributxon of X is unlquely
determined by its f. m.'s;;he result follows. '

REMARKS

- o o e s

1. It can be observed that 1f G(X) is degenerate, theorem 2
reduces to theorem 1.

2. An interesting problem concerning theorem 2 is that ofrrelaxing
the condition that the distribution of X is uniquely deter-
mined by its f.m.'s.

3, It is clear that for different forms of F(p) and G(k) theorems
‘ 1 and 2 provide characterizations for different forms of CPD's.

If, for example, F{(p)~beta(a,b) and G(\)~gamma(a+b,m) then, by theo-
. rem 2,Y~negative binomial(a, m/m+1) iff X-negative bznomlal(a+b,m/m+1

4. The model with Y]X~compound binomial can also be viewed as an °

' extension of the damage model considered by Rao (1963). In this

model X represents an eriginal observation produced by a natural-

process (e.g., number of eggs). Y X is the damage process and Y

is the resulting observation. Some "of the aspects regarding an

extension of the damage model have been examined by one of the
authors (Panaretos (1977)).

5. In the damage model set-up Rao (1963) cbserved that, with bino-

mial damage, Y is negative binomial iff X is negative bino-
- mial.- Remark 3 indicates that this property of the damage model is
preserved if one allows the parameter p of the binomial damage pro-
cess to vary according to a beta law.

6. The CPD which results from compounding the Poisson by a gamma
distribution was first adopted by Greenwood and Woods (1919)
under the assumption that the accident experience of each individual
was Poisson with mean value A varying from individual to individual.
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This led to the introduction of accident proneness. The results of =
theorems 1 and 2 may be of some interest in this direction of apci-
dent theory, especially in connection with actuarial studies. 1In
this context X will denote the number of accidents incurred and Y
will be the number of: reported accidents. Here, one is justified to
assume that each accident is reported with probability p which va-
ries from accident to accident. (Social, legal and financial pres-
sures may encourage a tendency towards the underreporting.of indi-
vidual accident involvement). Consequently, the model with YIX
following a CBD might be appropriate. In this case, let the distri-~
bution of p be known and assume that there is evidence to suggest
that Y _is compound Poisson distributed. Then, by theorems 1 and 2,
testing for a proneness factor in ‘the distribution of X will be

-equivalent to testing for the form of the compounding process in

the distribution of Y.

7. ,Ga_in? buck to the secident situation sxemined by Leiter and Hame

~dan (1973) one may ask whether any of the compound models pro-
vided by theorems 1 and 2 can be employed to give a satisfactory
answer. The present authors, currently investigating these possibi-
lities, aré in a-position to claim that one of the models (namely
the one with F(p) degenerate and G(\)~Gamma) provides a satisfactory
fit. «
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Les distributions Poissoniennes composites (DPC) ont été adoptées

largement pour la résolution des problémes oli la distribution Pois-
sonienne simple n'est pas été itrouvée adéquate A utiliser. .Dans cet
article on démontre une propriété intéressante que la DPC posséde &

"la forme des deux charactérisations. La supposition basilaire est

que la distribution conditionelle des deux variables aléatoires a

la forme d'une distribution binomiale composite. Les résultats
obtenus sont examinés au cas d'un probléme dans la théorie des acci-
dents. On consid2re enfin des autres. applications possibles.
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