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Abstract

The EM algorithm is the standard tool for maximum likelihood estimation in )nite mixture
models. The main drawbacks of the EM algorithm are its slow convergence and the dependence
of the solution on both the stopping criterion and the initial values used. The problems referring
to slow convergence and the choice of a stopping criterion have been dealt with in literature
and the present paper deals with the initial value problem for the EM algorithm. The aim of this
paper is to compare several methods for choosing initial values for the EM algorithm in the case
of )nite mixtures as well as to propose some new methods based on modi)cations of existing
ones. The cases of )nite normal mixtures with common variance and )nite Poisson mixtures are
examined through a simulation study.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Assume that the model is a )nite mixture model of the form f(x)=
∑k

j=1 pjf(x|�j),
where 06pj6 1, j=1; : : : ; k, are the mixing proportions with

∑k
j=1 pj=1 and �j can

be either a scalar or a vector of parameters. Among the various estimation methods
considered in the literature for )nite mixtures, the maximum likelihood (ML) method
via the EM algorithm (Dempster et al., 1977) has dominated the )eld, not only because
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of its simplicity relative to other methods, but also because of its interesting features: It
exhibits monotonic convergence, it leads to estimates within the admissible range if the
initial values are within the admissible range, and it can be given a simple and natural
statistical interpretation (see BAohning, 1999; McLachlan and Peel, 2000 for details). On
the other hand, there are drawbacks connected with the general EM algorithm. These
include slow convergence, the need for a suitable stopping rule that can detect whether
the algorithm has reached the maximum, and the choice of initial values in order to
reach the global maximum in fewer iterations.
The issue of slow convergence has been dealt with by various authors whose pro-

posals to alleviate the problem are mainly based on Aitken’s approach (McLachlan
and Peel, 2000) or on creating diDerent data augmentations (Pilla and Lindsay, 2001).
The issue of choosing a suitable stopping rule has also been given a lot of attention
in the literature. Several criteria have been proposed and the eDect of stopping early
has been examined (Seidel et al., 2000a). The criteria used as stopping rules for the
algorithm can be based on the relative change of the parameters and=or of the log-
likelihood, indicating lack of progress rather than actual convergence, (Lindstrom and
Bates, 1988), on Aitken’s acceleration scheme (BAohning et al., 1994; Pilla et al., 2001)
or on the gradient function (Lindsay, 1983, 1995; Pilla and Lindsay, 2001). The com-
mon characteristic of all the aforementioned criteria is that the algorithm stops iterating
when the value of the chosen criterion becomes smaller than a speci)ed constant. The
smaller this constant, the more severe the criterion. Of course when the loglikelihood is
trapped in a Eat area, any criterion is likely to stop the algorithm early, while if the al-
gorithm were to keep running, there would be possibly a substantial improvement in the
likelihood.
When the algorithm has been trapped in a Eat area, a rather naive strategy would

be to keep iterating, hoping that the algorithm will locate the global maximum after a
large number of iterations. Clearly, it would be preferable to start from diDerent initial
values and stop after a speci)ed, relatively small, number of iterations are reached.
Then one may keep iterating only from the ‘solution’ that has led to the largest value
of the loglikelihood.
As far as the problem of choosing initial values is concerned, the literature abounds

in methods proposed for making the choice that will lead to a global maximum. (A brief
review of such methods is given in Section 2.) However, no comparative study of initial
value strategies appears to have been made. The present paper focuses on this issue. In
particular, a simulation study is presented that compares several diDerent approaches
for choosing initial values for the EM algorithm in the case of )nite normal and )nite
Poisson mixtures. Some new approaches are proposed based mainly on modi)cations
of existing ones. DiDerent stopping rules are used in order to examine the eDect of the
initial value strategy in attaining the global maximum.
The material of the paper is structured as follows. In Section 2 existing methods

for selecting initial values in )tting )nite mixtures are reviewed. Section 3 focuses on
the case of )nite normal mixtures, containing a simulation comparison among diDerent
methods. Section 4 discusses the case of )nite Poisson mixtures. A brief discussion
and concluding remarks are given in Section 5.
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2. Choosing initial values—a review

The choice of initial values is of great importance in the algorithm-based literature
as it can heavily inEuence the speed of convergence of the algorithm and its ability to
locate the global maximum. Laird (1978) proposed a grid search for setting the initial
values. Leroux (1992) suggested the use of supplementary information in order to form
clusters whose means were used as initial values. McLachlan (1988) proposed the use
of principal component analysis for selecting initial values for the case of multivariate
mixtures. Another clustering idea is described by Woodward et al. (1984).
Finch et al. (1989) proposed that, for a two-component normal mixture, only the

mixture proportion needs to be given an initial value, as the rest of the parameters
can be estimated automatically based on this value. Their idea was that, given the
mixing proportion p, the sample is separated into two parts, one containing the )rst
[np] observations assumed to belong to the )rst component of the mixture and one
containing the remaining observations, assumed to belong to the second component
([a] stands for the integer part of a). The mean of the observations in the )rst part
of the sample is used as an initial value for the mean of the )rst component of the
mixture, while that of the second part is used as an initial value for the mean of the
second component. Atwood et al. (1992) examined 5 diDerent possible choices of p
based on diDerent partitions of the data in groups. BAohning (1999) proposed an initial
partition of the data by maximizing the within sum of squares criterion.
BAohning et al. (1994) proposed to start with well-separated values as, in their expe-

rience, the algorithm could then converge faster. This was veri)ed by our simulation
study, but, for the )nite normal mixture case, it requires a relatively small initial vari-
ance in addition to the far apart initial means. For the )nite Poisson mixtures, as well
as the )nite exponential mixtures, where the value of the parameter corresponding to
the mean determines the variance too, it is not easy to )nd such ‘well separated’ initial
components.
Another natural choice is to begin with estimates obtained by other estimation meth-

ods, like the moment method. Furman and Lindsay (1994a, b) and Lindsay and Basak
(1993) considered such starting values for normal mixtures. Fowlkes (1979) proposed
some graphical and ad hoc methods for choosing initial values in the case of normal
mixtures. Seidel et al. (2000a, b, c) examined some other choices for initial values
for )nite exponential mixtures. Practice has shown that it is preferable to start from
several diDerent initial values in order to ensure that the global maximum is obtained.
BAohning (1999, p. 69) proposed a grid search over a large parameter space as a strat-
egy to )nd several diDerent initial values. In Sections 3 and 4, a comparison of some
of the previously mentioned methods is provided.

3. A simulation comparison—�nite normal mixtures

Consider the case of k-component normal mixtures. To avoid the problem of un-
bounded likelihoods, all the components are assumed to have a common variance. In
our simulation study, several diDerent sets of initial values for the means, denoted
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as �(0)j ; j = 1; : : : ; k, were compared. These were: (a) The ‘true’ values (applicable
only in cases where the data were simulated from the assumed k-component normal
mixture); (b) Random starting points (means are generated from uniform distributions
over the data range, the mixing proportions are generated from a Dirichlet distribu-
tion and the variance is generated from a uniform distribution ranging from 0 to the
value of the sample variance); (c) The ‘best’ of ten diDerent random starting points
(for each set of initial values, the loglikelihood was calculated and the set with the
largest likelihood was considered as the ‘best’ and was used as the starting point);
(d) Values obtained by Finch et al.’s method (described in the previous section) with
equal mixing proportions and an initial value for 2 given by 20 = s

2 − ̂2(�) where
̂2(�)=

∑k
j=1(�

(0)
j − Nx)2=k; (e) Values obtained by a moment matching method that uses

equal mixing proportions and component means given by Nx±(j=2)s; j=1; : : : ; k=2, for k
even and j=0; 1; : : : ; (k−1)=2, for k odd. The variance is determined as in (d) above.
The method has been used by Seidel et al. (2000a); (f) Moment estimates. (a detailed
description of the procedure is given by Furman and Lindsay, 1994a); (g) Values ob-
tained by a method based on the range which starts with equal mixing proportions,
component means equal to �(0)j =min Xi+dj=(k+1), where d is the sample range, and
variance speci)ed as above, leading to well separated initial values, a useful strategy
as suggested by BAohning et al. (1994) (note that in all the above cases if the variance
estimate 20 came out to be negative, s2=2 was used as an initial value of the variance);
(h) Values obtained by a new method, which assigns the initial values to the latent
vector wi = (wi1; wi2; : : : ; wik) by setting wij = 1 if the ith observation belongs to the
jth component and 0 otherwise. Thus, the method distributes observations to speci)c
components. Initially, the percentiles that split the whole data set in equal parts are
considered as initial values for the means. Then, each observation is assigned to the
component with the initial mean that is closer to the observation, in absolute distance.
Thus, each initial vector wi has one element equal to 1, and (k − 1) elements equal to
0. The initial values of the parameters are set using the M-step of the EM algorithm.
Clearly, more sophisticated versions of this approach (which is similar in nature to the
method proposed by Finch et al.) could be used.
In addition, four additional sets of random points were used so as to increase the

probability that at least one of the methods would lead to the global maximum. The
results show that the initial choice of the variance is quite important. Methods that
led to a large initial variance often failed to converge to the global maximum, or they
required an extremely large number of iterations.
It should be noted that the ‘true’ values were considered among the competitors

since, often samples are required to be generated from a mixture with known parameter
values, as for example, in the case of bootstrap likelihood ratio tests (McLachlan, 1987;
Karlis and Xekalaki, 1999).
In order to examine the performance of the methods for selecting initial values

de)ned above, the following criteria were used: The number of iterations until con-
vergence was attained, which gives an indication about the computing time needed.
The cost for building up the initial guess is usually negligible. The mean number
of iterations needed until convergence is reported. Note that the standard EM algo-
rithm was used without any acceleration scheme. To reduce the eDect of stopping the
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algorithm too early, a rather strict stopping criterion for the EM iterations was used.
Iterations were stopped when the relative change in the loglikelihood was smaller than
10−12. Another criterion for a good initial guess is its ability to lead to the global
maximum. The likelihood surface for mixture models is known to have many local
maxima, which are not global. To check if the global maximum has been obtained,
the following procedure was followed:
For each of the diDerent sets of initial values applied to the given sample (12 diDerent

sets of initial values), several values of the maximized loglikelihoods were obtained.
The maximum value over all these values, say Lmax, was then considered as the ‘global’
maximum. The values of the parameters corresponding to it are denoted by �max.
The jth set of initial values is regarded as having succeeded in locating the ‘global’
maximum if the estimates given by this set of initial values, say �j, and the maximized
loglikelihood of this set, say Lj, satisfy the conditions (a) max|�max − �j|¡ 10−5 and
(b) |(Lmax − Lj)=Lmax|¡ 10−5. It is implicitly assumed that the global maximum has
been obtained by at least one of the methods.
In the case of two-component normal mixtures, four diDerent values for �=|�1−�2|=

were considered with p=0:1; 0:5; 0:7 and =1; �2 =0. In addition, a three-component
normal mixture was used in order to examine the behavior of the initial values in
the case of an incorrect model. For the case of three-component normal mixtures, the
con)gurations are given in Tables 1 and 2, for �2 = 0; �3 =−�1 and  = 1.
Table 1 provides the proportions of times (out of 100 replications) the various

methods succeeded in locating the ‘global maximum’, while Table 2 gives the ratios
of the numbers of iterations required, till convergence, by the various methods relative
to another method (reference method) that is considered as performing better (the
moment method for the two-component case and the ‘true’ values method for the
three-component case). The mean number of iterations and its standard error, of the
reference method, are reported in order to provide an idea of the magnitude of the
number of iterations required. Since failures to locate the ‘global maximum’ usually
led to a large number of iterations, only values corresponding to the cases the method
succeeded in reaching the ‘global maximum’ are reported. (This explains the presence
of empty cells). For the three-component mixtures, the moment estimates were not
considered due to the computational diPculty in obtaining them.
From Tables 1 and 2, one can see that if the algorithm starts from random points,

the performance is poorer. The moment estimates method shows the best behavior
with respect to locating the global maximum, thus verifying the )ndings of Furman
and Lindsay (1994b). However, it requires more iterations till convergence, compared
to other methods with a large probability of locating the global maximum, as can be
seen from Table 2. For the case of well-separated components, the majority of methods
considered performed well. On the other hand, if the model is incorrect, all the methods
have diPculties in locating the global maximum and it is quite interesting that they
all perform in quite a similar manner. The ‘true’ values method behaves well if the
components are not too close. However, its high rate of success makes it an appealing
choice in cases where repetitive application of the EM is required as, for example, in
the case of bootstrap likelihood ratio tests. The new method proposed provides very
good results and, because of its simplicity, can be extended to the case of models
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Table 1
Normal mixture case—proportions of times (based on 100 replications) the various methods succeeded in
locating the “global maximum”

2-Component mixture

Distribution Sample TRUE Random Best Finch Moment Moment Well New
size of ten matching separated

� P

50 — 0.59 0.58 0.91 0.18 0.91 0.43 0.90
0 — 100 — 0.64 0.69 0.97 0.65 0.97 0.4 0.96

500 — 0.61 0.65 0.98 0.75 0.99 0.51 0.99
50 0.54 0.64 0.65 0.99 0.99 0.99 0.48 0.5

1 0.1 100 0.55 0.58 0.72 0.94 0.91 0.93 0.42 0.55
500 0.74 0.61 0.62 0.88 0.85 0.88 0.42 0.71
50 0.98 0.61 0.64 0.98 0.96 0.98 0.58 0.97

1 0.5 100 0.97 0.65 0.69 0.98 0.94 0.98 0.49 0.97
500 0.96 0.7 0.71 0.95 0.9 0.96 0.07 0.99
50 0.95 0.64 0.74 0.98 0.98 0.97 0.62 0.98

3 0.1 100 1 0.64 0.7 0.99 0.99 0.99 0.32 0.99
500 1 0.61 0.69 1 1 1 0.08 1
50 1 0.73 0.82 1 1 1 0.84 1

3 0.5 100 1 0.83 0.81 1 1 1 0.65 1
500 1 0.81 0.87 1 1 1 0.29 1
50 1 0.74 0.83 1 1 0.96 1 1

5 0.5 100 1 0.82 0.84 1 1 1 1 1
500 1 0.76 0.87 1 1 1 0.99 1

3-component mixture 50 — 0.79 0.75 0.74 0.74 0.78 0.76 0.78
�1 =−1; �2 = 0; �3 = 1, 100 — 0.71 0.73 0.73 0.71 0.72 0.71 0.72
p1 = p2 = p3 = 1

3 ;  = 1 500 — 0.72 0.76 0.74 0.74 0.7 0.77 0.75

3-component mixture

Distribution Sample Best Moment Well
� (p1; p2; p3) size TRUE Random of ten Finch matching Moment separated New

50 0.90 0.03 0.66 0.95 0.01 — 0.01 0.89
1 1

3 ;
1
3 ;

1
3 100 0.90 0.06 0.62 1 0.04 — 0.04 0.90

500 0.91 0.02 0.63 1 0 — 0.02 0.90
50 0.63 0 0.61 0.93 0 — 0 0.57

1 0.7,0.2,0.1 100 0.64 0.03 0.55 0.9 0.03 — 0.01 0.59
500 0.78 0 0.43 0.78 0.01 — 0.01 0.59
50 1 0 0.51 1 0 — 0 1.00

3 1
3 ;

1
3 ;

1
3 100 1 0 0.55 1 0 — 0 1.00

500 1 0 0.47 1 0 — 0 1.00
50 0.98 0 0.27 0.34 0 0 0.31

3 0.7,0.2,0.1 100 1 0 0.13 0.15 0 — 0 0.12
500 1 0 0.20 0 0 — 0 0.00

with more than two components. The latter is often not feasible, with the method that
uses moment estimates as the initial values, since these are not as easily obtainable in
this case. Finally, another point is that the standard errors associated with the number
of iterations are quite high, making many of the diDerences statistically insigni)cant.
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Table 2
Normal mixture case—ratios of the mean numbers of iterations until convergence for each method relative
to those for a reference method. The mean number of iterations and its standard error for the reference
method are reported in the last two columns

Distribution Reference method

� P Sample TRUE Random Best Finch Moment Well New Moment Moment
size of ten matching separated mean st. error

50 — 1.05 1.27 1.05 7.67 1.75 1.17 3055 688
0 — 100 — 1.90 1.71 1.15 30.04 1.79 0.93 578 141

500 — 1.35 0.61 0.82 11.51 2.47 0.81 777 308
50 4.38 2.65 2.27 1.09 2.06 2.01 3.23 352 105

1 0.1 100 0.59 2.56 1.00 1.47 0.94 3.12 0.28 1385 791
500 0.40 1.03 1.19 1.06 1.24 0.89 0.28 4058 1562
50 1.30 1.86 2.20 2.36 3.57 2.39 1.19 323 74.8

1 0.5 100 1.94 1.65 1.11 1.21 2.34 2.74 1.36 923 199
500 1.26 1.88 1.42 0.79 1.63 1.07 1.38 2158 511
50 0.73 3.77 4.08 1.41 1.63 3.48 0.22 66.1 11.1

3 0.1 100 0.83 2.71 2.11 1.71 4.35 2.15 1.84 64.2 9.67
500 0.85 2.09 1.98 1.44 1.78 2.40 1.45 43 1.71
50 0.97 13.74 2.43 1.00 2.00 2.21 0.96 38.8 5.96

3 0.5 100 0.88 4.22 6.79 0.90 2.32 51.62 0.88 30.7 1.43
500 0.85 51.91 9.39 0.87 2.44 213.13 0.85 26.1 0.58
50 0.07 3.70 4.59 0.07 0.27 0.13 0.06 105 37.1

5 0.5 100 0.35 27.98 10.56 0.37 1.51 0.74 0.35 19.5 4.22
500 0.71 171.51 71.09 0.77 3.24 2.47 0.71 8.67 0.13

3-component mixture 50 — 1.18 1.97 0.77 0.79 0.82 0.98 635 205
�1=−1; �2=0; �3=1, 100 — 1.52 1.09 1.11 1.06 0.59 0.95 1719 612
p1=p2=p3=1=3; =1 500 — 2.29 2.15 1.87 3.33 2.20 0.92 1799 447

3-component mixture
� (p1; p2; p3) Random Best Finch Moment Well New TRUE TRUE

of ten matching separated mean st. error
50 0.20 1.94 0.63 10.14 0.33 0.96 526.09 94

1 1
3 ;

1
3 ;

1
3 100 0.31 2.70 1.05 24.23 0.32 0.62 1185.94 208.2

500 0.44 1.67 1.02 — 0.35 0.73 2540.02 359.18
50 — 1.46 0.32 — — 0.14 1590.84 425.77

1 0.7,0.2,0.1 100 0.39 0.92 0.46 1.52 0.04 0.17 2063.69 441.09
500 — 0.78 0.25 0.78 0.07 0.18 5866.92 1164.32
50 — 6.80 1.05 — — 1.02 80.58 7.42

3 1
3 ;

1
3 ;

1
3 100 — 12.72 1.01 — — 1.00 75.33 4.53

500 — 64.40 1.02 — — 1.01 55.17 1.48
50 — 12.65 1.13 — — 1.15 187.42 99.48

3 0.7,0.2,0.1 100 — 1.87 1.70 — — 1.62 105.67 13.68
500 — 1.18 — — — 1.70 69.12 3.39

Thus, the results are rather indicative and they cannot prove the superiority of one
method upon each other with respect to the number of iterations.
As far as the three-component normal mixture case is concerned, some methods have

a very poor performance. The ‘true’ values method had the best performance, while
the new method described in (h) and the method proposed by Finch et al. (1989)
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can be considered as alternative choices. It is worth mentioning that in the case of
three-component mixtures more local maxima were located and, in general, the degree
of complexity of the situation calls for the need of trying out more than one set of
initial values. This holds for mixtures with more components.

4. A simulation comparison—�nite Poisson mixtures

Consider the case of the Poisson distribution. Due to the discrete nature of the
distribution and the restriction on its parameter space, the case of local maxima is not
so common, while some methods for selecting initial values may lead to inadmissible
initial estimates.
In this simulation experiment, the following methods for choosing initial values

were considered: (a) The ‘true’ values of the parameters; (b) Moment estimates of the
parameters. Note that moment estimates may not be obtainable in certain cases (e.g.
when the sample size is small and=or the components are close together); (c) Finch et
al.’s method as described for the normal case (but of course there is no need to specify
an initial value for the variance); (d) A variant of Finch et al.’s method. This amounts
to )nding the initial value for p1 as in the previous method. Then, the initial values for
�1 and �2 are calculated as: �1 = Nx− [(s2− Nx)(1−p1)=p1]1=2; �2 = Nx+[(s2− Nx)p1=(1−
p1)]1=2, where Nx is the sample mean and s2 is the sample variance. The motivation for
this algorithm is the fact that the mean and the variance calculated via the initial values
are equal to the mean and the variance of the sample, respectively. If �16 0, we set
�1=0:01; (e) Setting p1=0:5 and �1= Nx−s; �2= Nx+s. This initial guess is symmetric,
and satis)es the )rst two moment equations of the observed dataset. The choice of the
value 0.5 as an initial value for the mixing proportion is expected to work reasonably
well only when the mixing proportion is near 0.5. This method, however, can be easily
extended to the case of more than two components; (f) A bootstrap root search type
method along the lines discussed by Markatou et al. (1998), diDering slightly from
theirs in that moment estimation was applied to a bootstrap sample from the original
sample to create the initial values. This method may overcome the shortcomings of
the method of moments, which often fails to yield moment estimates. Two variants
are considered. The )rst uses a bootstrap sample size of 15 (referred to as B-15) as
proposed by Markatou (2000). The second variant uses a bootstrap sample of half the
size of the original sample. If the bootstrap sample obtained fails to lead to the moment
estimates, it is replaced by another bootstrap sample and this process is repeated until
the moment estimates become available. This approach is referred to as B-n. Note
that Markatou (2000) proposed the bootstrap root search method not as a method of
choosing initial values (as the case is in this paper), but as a method for )nding all
the roots of the estimating equations with a high probability (in cases where there are
more than one roots).
Other methods were also included in the simulations, but, since their performance

was inferior to that of the methods discussed above, the obtained results are not re-
ported. Again, for each sample, 12 diDerent initial sets of initial values were
considered.
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The criteria used in order to assess the behavior of the initial values were the same as
those considered in Section 3 in the case of normal mixtures. In addition, the proportion
of times the method failed to provide initial estimates in the admissible range was used
as a further criterion.
Our aim was to examine the behavior of all the methods in two distinct situations:

when the model is correct and when the data have been generated from other models.
The sampling distributions used were two-component Poisson mixtures (correct model),
and the alternative mixed Poisson distributions considered were the negative binomial
and various three-component Poisson mixtures. In the latter cases, the model to be
estimated was incorrect. Finally, for each of the three distributions used, the parameter
values were selected so as to allow for various shapes, thus covering a variety of
diDerent cases. The sample sizes considered were n = 50, 100 and 500. Complete
results can be found in Karlis and Xekalaki (2001).
Table 3 summarizes the results of the simulation study. The entries in the table

are the mean number of iterations for each of the methods considered relative to
that of the moment method, while the mean number of iterations for the moment
method, together with its standard error is reported in the last column. In most of the
cases, the moment method turns out to be the method, which requires fewer iterations.
Only the ‘true’ values can compete on this issue in the case where we sample from
the two-component Poisson mixture whence the parameter values can be regarded as
known. Unfortunately, the moment method has a high probability of failing to provide
initial estimates, especially in the cases of small sample sizes and=or not well separated
components.
The B-15 method does not seem to work well in terms of the number of iterations

till convergence; this is not true for the B-n method, which is the ‘best’ method when
moment estimates are non-obtainable. However, if the sample size is large, the B-15
method requires less computing time because calculations and resampling are performed
only for samples of size 15. As far as the remaining methods are concerned, Finch
et al.’s method seems to perform better as it never fails to provide initial estimates
and requires fewer iterations in comparison to the modi)ed method of Finch et al.
(method (d)). A rather interesting )nding is that all the methods performed very well
in locating the global maximum when the data were generated from a two-component
Poisson mixture (Table 4). When the model was not correct, the moment estimates had
the best performance for locating the global maximum. The above implies that, for the
bootstrap likelihood ratio test, when one samples from the underlying null distribution,
the global maximum can be obtained without the need for starting from several initial
values.
When the components are well separated, the algorithm terminates quite quickly for

all the initial values and no appreciable diDerences exist between the methods. On the
other hand, the number of iterations needed to meet the convergence criterion depends
on the ‘information’ available.
Let us now turn to the case where one might try to estimate the parameters of

a two-component Poisson mixture on the basis of data that do not come from a
two-component Poisson mixture. In this case, the moment method is again very at-
tractive because of the smaller number of iterations that are usually needed. However,
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Table 3
Poisson mixture case—ratios of the mean numbers of iterations until convergence for each method relative
to those for a reference method. The mean number of iterations and its standard error for the reference
method are reported in the last two columns

Distribution Sample True Finch Momdi)ed Symmetric B-15 B-n Moment Moment
size values Finch around method method

mean mean st. error

2-component
Poisson mixture
0.1, 1, 8 50 0.57 1.61 1.62 1.55 1.24 1.21 42.1 0.36

100 0.77 1.85 1.83 1.78 1.67 1.50 25.69 0.20
500 0.82 1.91 1.90 1.84 1.56 1.07 19.67 0.10

0.5, 1, 8 50 0.94 1.03 1.02 1.00 1.09 1.07 13.21 0.10
100 0.93 1.06 1.02 1.04 1.13 1.06 12.57 0.08
500 0.94 1.17 1.03 1.15 1.23 1.08 11.17 0.06

0.5, 1, 2 50 1.39 1.77 1.81 1.36 1.59 1.47 374.81 1.17
100 1.73 2.03 2.05 1.66 1.79 1.56 493.73 1.09
500 1.52 1.51 1.54 1.49 1.58 1.53 1099.07 1.79

Negative
Binomial
Mean = 1 50 — 1.61 2.29 1.56 1.64 1.59 108.98 0.55
Variance = 2 100 — 1.32 1.82 1.27 1.29 1.23 130.71 0.73

500 — 1.19 1.57 1.07 1.11 1.05 103.39 0.31

Mean = 6 50 — 1.02 1.04 1.02 1.04 1.00 170.31 0.51
Variance = 24 100 — 1.00 1.02 0.99 1.02 1.00 185.54 0.48

500 — 0.98 1.01 0.97 1.00 0.99 202.53 0.36

3-component Poisson
mixture
0.4, 0.3, 1, 5, 7 50 — 1.07 1.04 1.05 1.10 1.07 29.19 0.20

100 — 1.12 1.05 1.09 1.13 1.06 26.07 0.16
500 — 1.20 1.12 1.18 1.21 1.05 24.34 0.10

0.3, 0.4, 1, 2, 3 50 — 1.34 1.38 1.20 1.17 1.16 397.3 1.42
100 — 1.35 1.35 1.27 1.43 1.22 443.09 1.11
500 — 1.23 1.20 1.23 1.34 1.22 481.94 0.97

0.7, 0.2, 1, 5, 10 50 — 1.02 1.37 1.02 1.03 1.02 87.19 0.40
100 — 1.03 1.26 1.02 1.04 1.01 86.97 0.29
500 — 1.02 1.17 1.02 1.02 0.99 82.93 0.17

Finch et al.’s method is an interesting competitor. This is so since, for distributions
with a high overdispersion, it requires a few iterations. Moreover, the initial parameter
estimates are always obtainable. Note that, now, the proportion of times each method
failed to obtain the global maximum is higher, thus suggesting that the use of a single
initial value is not a good strategy.
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Table 4
Poisson mixture case—proportions of times (based on 100 replications) the various methods succeeded in
locating the “global maximum”

Method

Sample True Modi)ed Finch Moment Symmetric B-15 B-n
size values Finch matching around

mean

2-component mixture
0.8, 1, 5 50 1.00 1.00 1.00 1.00 1.00 0.99 0.99

100 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.1, 1, 8 50 0.98 0.96 0.98 0.98 0.96 0.96 0.97
100 1.00 1.00 1.00 1.00 1.00 0.99 1.00
500 1.00 1.00 1.00 1.00 1.00 0.99 1.00

0.5, 1, 8 50 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.5, 1, 2 50 0.75 0.94 0.95 0.95 0.77 0.76 0.77
100 0.82 0.96 0.95 0.95 0.81 0.85 0.87
500 0.90 0.95 0.90 0.91 0.89 0.91 0.91

Negative Binomial
Mean = 1 50 — 0.99 0.99 1.00 0.99 0.97 0.98
Variance = 2 100 — 1.00 1.00 1.00 1.00 0.98 1.00

500 — 1.00 1.00 1.00 1.00 0.98 1.00

Mean = 6 50 — 0.99 0.99 0.99 0.99 0.98 0.99
Variance = 24 100 — 1.00 1.00 1.00 1.00 0.99 0.99

500 — 1.00 1.00 1.00 1.00 1.00 1.00

3-component mixture
0.4, 0.3, 1, ,5, 7 50 — 0.96 0.97 0.97 0.90 0.89 0.89

100 — 0.98 0.98 0.98 0.94 0.93 0.94
500 — 0.99 0.99 0.99 0.99 0.98 0.99

0.3, 0.4, 1, 2, 3 50 — 0.99 0.99 0.98 0.99 0.98 0.99
100 — 0.99 0.99 0.99 0.99 0.99 0.99
500 — 1.00 1.00 1.00 1.00 1.00 1.00

0.7, 0.2, 1, 5, 10 50 — 1.00 1.00 1.00 1.00 1.00 1.00
100 — 1.00 1.00 1.00 1.00 1.00 1.00
500 — 1.00 1.00 1.00 1.00 1.00 1.00

0.4, 0.4, 1, 2, 5 50 — 0.99 0.99 1.00 0.99 0.99 0.98
100 — 0.99 0.99 1.00 0.99 0.99 0.98
500 — 1.00 1.00 1.00 1.00 0.99 1.00
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Table 5
Proportions of times the various methods succeeded in locating the ‘global maximum’ using diDerent stopping
criteria. The reported values are averages over all the two-component Poisson mixture models considered

50 100 500

¡ 10−12 ¡ 10−6 ¡ 10−12 ¡ 10−6 ¡ 10−12 ¡ 10−6

True values 0.91 0.14 0.92 0.15 0.96 0.10
Moment estimates 0.97 0.56 0.97 0.66 0.96 0.50
Modi)ed Finch 0.96 0.20 0.95 0.11 0.96 0.09
Symmetric around
the mean 0.96 0.17 0.96 0.13 0.96 0.10
Finch 0.93 0.16 0.91 0.13 0.96 0.05
B-15 0.94 0.23 0.91 0.19 0.94 0.10
B-n 0.93 0.24 0.91 0.21 0.96 0.17

Table 5 provides the proportions of times at which each of the examined methods
was considered to have failed to locate the ‘global’ maximum. Two diDerent tolerance
levels have been used for the criterion. Iterating was stopped when the relative change
of the loglikelihood was smaller than 10−6 and 10−12, respectively. The entries of
Table 5 reveal the importance of the stopping criterion. If the criterion is not strict (as
in the case of the )rst tolerance level) it is very likely that the resulting estimates will
be far from the global maximum.
A smaller simulation comparison with four-component Poisson mixtures was also car-

ried out. The obtained results were quite similar to those reported in the two-component
case. Of course, the number of iterations required was much greater, as was expected,
due to the greater amount of missing information. In the case of four-component Pois-
son mixtures, the moment estimates are not obtainable with a high probability due to
the high order sample moments involved. Thus, in practice, one needs an alternative
method. As in the case of normal mixtures, the performance of all the methods becomes
worse in the case of more than two-components, pointing to the need of considering
several sets of starting values in order to ensure more reliable results.

5. Concluding remarks

In this paper, a simulation comparison of several methods for choosing initial values
was carried out. The results clearly show the dependence of the method on the choice
of the initial values. In addition, the algorithm may run a lot of iterations trapped
in areas away from the global maximum. This implies that it would be advisable to
use a mixed strategy, by starting from several diDerent initial values, making a small
number of iterations without necessarily examining convergence and then, running until
convergence from the point with the largest likelihood after these initial iterations, using
a strict criterion. Such an approach helps in reducing the amount of time spent in areas
of a Eat likelihood, away from the global maximum.
For the purposes of a bootstrap likelihood ratio test, the ‘true’ values can be a

successful choice of the initial values as they can lead to the location of the global
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maximum with a high probability. Some other choices for particular )nite mixtures
(normal and Poisson) were also discussed. In concluding, attention should be paid
to the often problematic behavior of the stopping criteria that fails to give a clear
indication of whether the algorithm converged to the global maximum or it was trapped
in an area of a Eat likelihood.
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