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Abstract

We examine a family of GI/GI/1 queueing processes generated by a parametric family of
service time distributions, F'(z,0), and we show that under suitable conditions the correspond-
ing customer stationary expectation of the system time is twice continuously differentiable with
respect to 0. Expressions for the derivatives are given which are suitable for single run derivative
estimation. These results are extended to parameters of the interarrival time distribution and ex-
pressions for the corresponding second derivatives (as well as partial second derivatives involving
both interarrival and service time parameters) are also obtained. Finally we present perturba-
tion analysis algorithms based on these expressions along with simulation results demonstrating
their performance.
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1 Introduction

Consider a GI/GI/1 queue with service time distribution belonging to a parametric family F'(z,0),
0 € [a,b]. Assume the system to be stable for all 6 in [a, b] and denote by T'(f) a random variable
distributed according to the steady state distribution of the system time of a customer. We present
a sample path construction of two such queueing processes on the same probability space, one with
service time distribution F(x,) and the other with F'(z,6 + Af), starting both with the arrival
of a customer to an empty system, and obtain an exact expression for the limit of the difference
LS [T:(0 + AG) — T;(6)] as n — oo where T;(0) is the system time of the ith customer in the

system with service time distribution F'(z,#).



Analyzing the limit of that difference we establish the existence of d%ET, obtain for it an expres-
sion suitable for estimation from a single simulation experiment, and show that the corresponding
Perturbation Analysis (PA) estimates are strongly consistent. Under additional assumptions we
also show that the second derivative %ET exists and obtain strongly consistent PA estimates for
it as well. Extension of these results to vector parameters leads to efficient PA algorithms for esti-
mating the gradient and Hessian matrix of the response time from a single experiment without the
use of finite differences. We also present analogous results for parameters of the interarrival time
distribution as well as for families of queues parametrized with respect to both the interarrival and

the service time distribution. In this latter case we give expressions for the corresponding mixed

partial derivatives.

The algorithm for first derivatives was originally given in Suri and Zazanis [29] and its conver-
gence properties were established there for M/G/1 queues. (See also Zazanis, [32]). Since this paper
was first submitted for publication, a number of related results have appeared in the literature.
Hu [15] established the differentiability of ET'(#) and the strong consistency of the first derivative
estimates under the assumption that the service time distribution has the SSCX property (Strong
Stochastic Convexity). This result for the first derivative is also implicit in Glasserman, Hu, and
Strickland [9]. Finally, Konstantopoulos and Zazanis [4, 5], and Brémaud and Lasgouttes [3] ex-

amine PA algorithms in a stationary and ergodic framework.

Our proof of the differentiability of ET(0) is based on direct sample path arguments without re-
lying on restrictive convexity assumptions and our strong consistency results for the corresponding
PA estimates are obtained under natural moment conditions. Our sample path approach involv-
ing an auxiliary queueing system is specifically tailored to queueing systems and thus allows us

to establish the first derivative result under weaker moment conditions compared to more general
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GSMP results (Glasserman, Hu, and Strickland [9]). More important, it provides a way of obtaining
similar results for higher derivatives which in this paper is exploited for the purpose of establishing
the existence of second derivatives and obtaining strongly consistent estimators for them from a
single sample path. For a review of PA techniques the reader is referred to Suri [27], Glasserman

[7], Ho and Cao [14], and the references therein.

The corresponding finite difference derivative estimates involve two or three experiments on the

system: If T'(6) is an estimate of ET(6) obtained from an experiment with parameter value 6, the

T(O+A0)=T(0—A0) and T — T(G+A6)—2§é§)+f(9—Ae)' The

simplest finite difference estimates are 7" = TN

advantage in the number of experiments becomes significant when 6 is an /N-dimensional vector.
Estimating the entries of the N x N Hessian matrix by means of finite differences would require
2N? + 1 simulation experiments whereas the PA algorithm we propose still requires only one. An
equally important, though less obvious, advantage of PA estimates is that they are significantly

less noisy than their finite difference counterparts (Zazanis and Suri [31]).

One could also obtain second derivative estimates using Likelihood Ratio (LR) methods (Glynn
[10], Reiman and Weiss [20], Rubinstein [23]). However it is noted in Reiman and Weiss [20] that
second derivatives estimated by LR methods are likely to be noisy. As the experimental results
in part IT of this paper indicate, our estimates have surprisingly low variance and thus could be
used very effectively for optimization purposes. So far, the first derivative information from PA
algorithms has been used to obtain efficient algorithms for multiparameter optimization of the per-
formance of complex discrete event systems (Ho and Cao [13]) including fast optimization during
a single simulation run (Suri and Zazanis [29], Suri and Leung [28], L’Ecuyer [18]). However, in
optimization of deterministic systems, Newton algorithms are known to be superior to algorithms
that only use first derivatives. The availability of low variance estimates for the Hessian could make
possible the development of stochastic approximation algorithms using this information to achieve
improved convergence rates. Finally we point out that Reiman and Simon [21] have proposed an

alternative way for estimating second (and higher) derivatives for systems in light traffic driven by



a Poisson process.

2 Parametric families of service time distributions and stochastic
service functions

Consider a GI/GI/1 queueing system with interarrival distribution G(z) and service time distribu-

tion F(z,0) depending on a parameter 0 € [a,b]. Let F~!(u, ) be defined by
F~Y(u,0) = inf{z : F(z,0) > u} . (1)

Let U be a random variable uniformly distributed in [0,1] and X () = F~1(U, ). In this fashion
we have determined a family of random variables indexed by 6, {X(0) ; 6 € [a,b]}, satisfying
P(X(0) <z)= F(x,0) for all 0 € [a,b]. We will call X (6) constructed in this fashion a stochastic

service function. Suppose that the following condition is satisfied:
X(0+A0)— X (0)

Condition C.1 The derivative %(9) = limago =75 ewists and is a continuous function

of 0 € [a,b] w.p.1.
Additionally, for the purpose of estimating second derivatives, we require the following

Condition C.2 The second derivative, ‘57)2((0) = limag_o ﬁ[%(@ + Af) — ‘%(«9)], exists and is

continuous for all 6 € [a,b] w.p.1.

While in general {X(0);0 € [a,b]} may not satisfy C.1 and C.2, simple sufficient conditions to

ensure this can be given in terms of F'(x,#): Suppose that F'(z,0) is absolutely continuous for all

0 with density f(z,0) = D1 F def aFa(ﬁ’e) and that Dy F % %—g exists for all (z,0) € R x [a,b]. Let

Ag ={w: f(X(0,w),0) = 0}. Then P(Ag) = 0 and from the chain rule together with (1), it follows

that % exists on Q0 \ Ay and is given by —gf?g:zg On Ay we can arbitrarily set % = 0 and thus
we have
dX DyF(X,0)
— = - ———= p-1. 2
df DiF(x,0) P 2)



Similarly, assuming that F(z,6) is twice continuously differentiable w.r.t. (z,0) € R™ x [a,b], we

have

’X Dy F(DiF)* + DiF (DoF)* — 2D19F D\F DoF
a0z (D F)? Wb

L, 3)

where D1 F' = def 875 and similarly for the other partial derivatives. The above expressions for ‘%
and ¢ d92 are necessary for the implementation of the PA algorithm we propose in §12. Despite the
fact that in general they can be complicated, they assume simple forms for two cases particularly
important in applications as shown in the following two examples.

Example 2.1: Suppose that 0 is a location parameter of the service time distribution. Then the
distribution of X — 6 does not depend on 6 and thus, for all w, X(w,#) has the form X(w,6) =
0 4+ (1 (w) which in turn implies that %l =1 and ‘29)2( =0.

Example 2.2: Suppose that 6 is a scale parameter, i.e. that the distribution of 5 is independent
of 6. Then, X (w,0) has the form X (w,0) = 0 (w), and thus %% = ¢, = % and £X =

In the final example, 0 is neither a location nor a scale parameter:

Example 2.3: Consider the service time distribution

z(z+0) if 0<z<i(VA+62-0)
1 if 2(V4+062—

F(z,0) =

with # > 0. From (2) and (3), % = 2)?4—6 and & deg = (2x+9) (Notice that 2X 4+ 6 > 0 w.p.1.)

3 Assumptions

The following assumptions define the class of systems within which we shall confine ourselves. They
are divided into two groups, the second group containing the additional assumptions required for

obtaining expressions for second derivatives.



We will assume that the parametric family of service time distributions F'(z, 6) is such that the
corresponding stochastic service function X () satisfies condition C.1 and furthermore that the

following assumptions hold:

Assumption A.1 Let x(w) = supgefqp X (0,w) for all w. Then Ex < EA < oo where A is a

random variable distributed according to the interarrival time distribution G.
Assumption A.2 E[x?] < oo and E[€3] < oo with {(w) = SUPgea,b] |9X(0,w)|.

If there exists 8* € [a, b] such that X () < X (0*) w.p.1 for all § € [a, b] then assumption A.1 simply
states that the family of queueing systems with service distribution F'(x,#) are stable for all values
on @ in that interval. Similarly Ex? < oo in A.2 guarantees that ET(0) < oo for all 6 € [a,b] (e.g.

see Asmussen [1]).

To obtain second derivative estimates, we need additionally condition C.2 and the following

assumptions:

Assumption A.3 The interarrival distribution G is absolutely continuous with density g which

we will assume Tight continuous, and has a bounded hazard function, 1;"86()33) < a < oo, for all

x € [0,00).

Assumption A.4 There exists € > 0 such that E[e’X] < oo and E[e€] < oo. Furthermore, if

Y(w) = Supger | X (0, w)], Bl < co.

When C.1 holds, X (6, w) and %X (6, w) are w.p.1 continuous functions of # on [a, b] and hence y and
¢ are well defined random variables. When C.2 holds as well, then ‘57)2((9, w) is also a continuous

function of 8 w.p.1 and % is well defined.
The following remarks will be useful in the sequel.
Remark 1: Let AX = X(0+ Af) — X(0). An immediate consequence of A.2 is that |[AX| < £|A0)].

Remark 2: In view of remark 1, A.4 implies that E[eﬁ%] < o0, and since X () < x, E[eX?)] < cc.



Most of the analysis in this paper will be carried out under an additional monotonicity assump-

tion:

Assumption M.1 For A§ > 0, AX = X(0 + Af) — X(0) > 0 w.p.1. Furthermore, if A is a

random variable distributed according to the interarrival distribution, EX (b) < EA < oo.

This monotonicity assumption (which implies the weaker A.1) is introduced in order to simplify

the sample path analysis that follows. In §8 we show how it can be replaced by A.1.

4 Sample path analysis of the system

Fori=1,2,..., let Q; = [0,1], F; = By 1) the Borel o-field on [0, 1], and P; the Lebesgue measure
on [0, 1]. Our probability space will be the product space (2, F, P) = (I[;2; i, [[521 Fi, [ ;21 Bi)-
Let w = (wi,w2,...) be an element of Q and U; : Q — [0, 1] the projection mapping U;(w) = wj,
i =1,2,.... Thus {U;} is a sequence of i.i.d. random variables, uniformly distributed on [0, 1].
Define

Xi(0) = F Y Uy_1,0) and A;=G ' (Uy), i=1,2,... . (4)

Xi(0) is the service time of the ith customer, C;, and A; the interarrival time between C; and Cj41.
Assume that the first customer that arrives to the system, C1, finds it empty. Denote by 7;(0) the
system time (waiting plus service time) of the ith customer. Under assumption A.1 the family of
queueing processes defined in this fashion is stable for all 6 € [a, b] and the corresponding sequence

of system times {7;(0)} converges in distribution for each € to a random variable T'(0).

The analysis in this section is based on considering two sample paths, the nominal with param-
eter value 0, and the perturbed with parameter value 8 + A#. It involves various functionals of these
sample paths, such as the number of customers in the ith busy period, the length of the kth idle
period, etc. Of course, these functionals depend on 8. Whenever the dependence on 6 is dropped
this will always signify that they are computed from the nominal sample path (with parameter

value 0).



Consider the sample path depicted in Fig.1. consisting of m busy periods which we will label
BP, , BP,,...,BP,,. Let Ni be the number of customers in BPy, Y} be the length of BP;, and I}
be the length of the idle period following BPy. Let My, k = 0,1,... be the discrete time renewal
process defined by My = Ny +---+ Ni, for k=1,2,..., and My = 0. Thus C initiates BP; and,

in general, Cyy, ,+1 initiates BP. Let us also define

SO = Y T0) )

and

SiO+A0) = S Ti0+A0) . (6)

Notice that we use the same subsequence { My} corresponding to parameter value 0 in both (5) and
(6). Thus, while Si(6) is the area under BF} in the nominal sample path, Si(0 + Af) is not
necessarily the area under the kth busy period in the perturbed path since busy periods may have

coalesced.

It is well known (Asmussen [1, p.182]) that assumption A.1 implies EN; < oo and furthermore

that the renewal process { My} is aperiodic. Hence,



m My,
o D1 Sk(0) k1 i 41 Li(0)
ET®) = lim =————- = lim - w.p.l.
( ) m—oo Zk:l Ny m—oo Zk:l Ny
Suppose now that the value of 0 is increased to 8 + Af < b. We also have
ET(0+A6) = lim -3 164+ 26) = lim —— Aff Ty(0+ A8) w.p.1 (7)
= lilm — i = 1m 7 et
n—oo n = m— oo Mm =~ w-p

the first equality following from the ergodicity of the system. The second equality in (7) is less
obvious since { My} is a random subsequence not corresponding in general to the regenerative cycles
of the system at parameter 64 A#. It can be justified using Neuveu’s cycle formula (e.g. see Baccelli
and Brémaud [2]) and the ergodicity of the system. In Lemma 7 of the Appendix an elementary

renewal-theoretic proof of (7) is provided.

If we let
My,
ASy = Sp(6 + Af) — Si(0) = Z T;(60 + A0) —T;(6) >0,
=M _1+1
we can rewrite (7) as
i1 Sk(0 + A) ke Sk(0) 2k ASk
ET(0+ A6 = lim - = lim =—=/;,——> + lim —/——— (8
( ) meee > k=1 Nk m—00 3 3l Ni m—00 3yl Ni ®
= ET() + lim L= A5k w.p.1.

m—oo Z};nzl Ny,

Now we calculate the change in the total system time for all customers in these m busy periods
when the value of the parameter 6 changes to 0 + Af. To this effect consider customer C; who
belongs to the kth busy period, BPy, (i.e. My_1 < i < My). When the value of 6 is increased to

0 + Af there are in general three sources of delay for C;:
(i) The delay AX; = X;(6 + Af) — X;(0) in C;’s own service time.

(ii) The delay caused by changes in the service times of customers Cyy, _,11,...,Ci—1 i.e. of all

the preceding customers belonging to the same busy period when the parameter value is 6.



(iii) A delay arising from the possibility that accumulated perturbations, introduced in BP;_1
and the busy periods prior to it, may cause it to coalesce with BP;. In this case, Cpy,_, 41 will
not find the system empty when the value of the parameter is increased to 0 + A6 and as a result
all the customers belonging to BP; will have to wait for an additional amount of time. It will be
useful to think of (i) and (ii) as the local effects of the perturbations introduced in the sample path

while (iii) represents the global effects. We proceed to examine these effects next.

The effect of the first two sources of delay in the system time of C; as described above is easily
seen to be a change in T;(6) equal to AXpy, 41+ AXy, 42+ -+ AX;. Next, let us evaluate
the effect of the third source (which for customers in BP; is of course 0). As a result of the

perturbations in the service times of the customers in BP;, its length is increased by
AY, = AX1+"'—|—AXN1 .

Obviously, as long as AY; < I, this has no effect on the system time of the customers in the next
busy period. However, if AY; > I, then the two busy periods coalesce and as a result the system
time of every customer in BP, is increased by AY; — I. Using the notation 27 = max(0,x) for
the positive part of a real number z, the effect of coalescence of the two busy periods on T;(6),
My < i < My, is given by (AY; — I1)". Thus

AT, = T,(0+A0) —Ti(0) = (Avi—I)t + > AX; for My<i<M, . (9)
Jj=Mi+1

Summing (9) from i = M; +1 to Ms we get the total change in the system time of all the customers
of BP; as

Mo %
AS; = Ny (AY1—11)+ + Z Z AX] .
’i=M1+1j=M1+l

There is only one way for perturbations introduced in BP; to cause a delay in customers of
BP, (with k < 1), namely that the intervening [ — k idle periods disappear that all the [ — k + 1
busy periods coalesce into a single busy period as a result of these perturbations. To be specific,

consider Fig.1 which depicts a sample path consisting of three busy periods, BP;, BP,, BP3. Let

10



My,
AY, = Y AX;. (10)

1=Mp_1+1

BP; and BP, will coalesce if and only if AY; > I. It is also clear that BP, and BP3 will coalesce
and BP; and BP», will not if and only if AYs > Is and AY; < I;. Finally, all three will coalesce
into one busy period if and only if AY; > I and AY; + AY; > I, + I;. Hence, the delay for the

customers of BP3 caused by perturbations in BP» and BP; is given by
max(O, AYy — I, AYs + AY) — I — Il) .

Generally, for k busy periods, we can easily check that the effect of perturbations introduced in all

the busy periods prior to BP, on the customers of BPy is Vo = 0 when k£ = 1, and

Vi1 = max(0, AYy 1 — 1, AYp 1 + AYy 0 — Iy — Ip—o, ..., (11)

A, 1 +AY o4+ AY) — Ly =Ty o—--—11), k>2.

Hence, in general, the change in system time for C; is given by

i
AT, = Vi + Y AX;, My <i< My, (12)
J=Mp_1+1
and consequently
M, My, i
AS, = Y AT, = NiVier + Y > AX; . (13)
1=Mp_1+1 1=Mp_1+1 j=Mp_1+1

Notice that (11) implies that Vi1, k = 1,2,..., can be interpreted as the waiting time of the
kth customer in an auziliary queueing system in which AY7, AYs, ... is the service time sequence
and Iy, I, ... is the interarrival time sequence. In general I; depends on AY; unless the arrival

process to the original system is Poisson. From (8) and (13) we have then

m M, i
1
m—0oo Zk:l Ni k=1 i=My_1+1 j=Mp_1+1

© fim S N Ve

w.p.1.
m—oo Z;anl Nk

11



From the strong law of large numbers the first term in the right hand side (rhs) of (14) is equal
to
1

Ny 4
BN, E[;;ij] w.p.1.

The evaluation of the second limit on the rhs of (14) is not as straightforward since the sequence
{ViNgy1;k = 1,2,...}, is not regenerative w.r.t. the renewal process {Mj}. This second term
which incorporates the global (“non-infinitesimal” or nonlinear) effects of the perturbations intro-

duced in the sample path is considered in the next section.

5 Global effects of perturbations and the auxiliary queueing sys-
tem

The condition for the stability of the auxiliary queueing system is F[AY; — I1] < 0. It is easy
to show that the auxiliary system is always stable when the original system, with service time

distribution F'(x, 6 + Af), is stable. Indeed, using Wald’s lemma repeatedly,

EAY, — EI, = EN|(0)[EX1(0+ A8) — EX,(0)] — EN,(0)[EA; — EX1(0)]

= EN\(0)[EX1(0+ A0) — EAy] < 0. (15)

The last inequality follows from the fact that a < 6 + A < b and A.1 which postulates that
EX,(0) < EA, for all § € [a,b]. From (15) follows that the auxiliary queueing system is stable, i.e.
that

V(0,A0) ¥ sup(0, AY, — I, AV, + AYy —I) — I, ...) (16)

is finite w.p. 1. (In the sequel, where no confusion arises, the dependence of V' on 0, Af, will not

be made explicit.) Let

M;
o= Y &, i=12,..., (17)
Jj=M;_1+1
where §; = supj, ) % Then
AY; < &;A6. (18)

12



Since E[®3] < oo (see Lemma 9 in the Appendix), EV < co (Asmussen [1]).

Write
m—1 m—1 m—1
> ViNeyn = Y ViE[Ni] 4+ Y Vi(Nepa — E[N1]) (19)
k=1 k=1 k=1
Notice first that
1 m—1
i —— Y VWEINM] = E[V]E[N] < oo w.pl, (20)
k=1

where V' is the r.v. defined in (16), because of the ergodicity of the auxiliary system and the
finiteness of moments assumption A.2. On the other hand, as it is shown in Lemma 12 of the

Appendix, we can use a martingale stability theorem to prove that

1 m—1
i —— kZle Nii1— E[N]) =0 w.p.l. (21)

From (19), (20) and (21) follows that

S Vi Njt

lim - ElV] w.p.l 22
i S v 22)
Combining (14) and (22) gives
ET(0+ A0) — ET(0) = ZAX + E[V]. (23)
=1 j=

In (23) we established that the contribution of the global effects of perturbations is given by the

term E[V]. Now we state three lemmas that characterize the behavior of E[V] as A6 | 0.

Lemma 1 When the original system satisfies C.1, M.1, and A.2, for the auxiliary system defined

above, limag|o ﬁE[V} = 0.

In view of this lemma and (23) we do not expect E[V] to contribute to the value of the right

derivative DT ET(6).

13



Proof: We need to establish that

Ay, I Ay AY, L I

e N

Aim Blsup(0, S = X5 A0 T A9 A6 A6

From (18) we have AA};{ < ®; and thus

AY; I I
! L < E[sup((],fbl——1

0 < E[sup(O,A—e—M,...)] < A9,...)].

(24)

Since E[®?] < oo (see Lemma 9 in the Appendix), the expectation on the last term of (24) is
finite (Asmussen [1]). Letting A6 | 0, the last term of the above inequality goes to 0 by monotone

convergence and the lemma follows. O

The behavior of E[V] as Af | 0 is characterized more precisely in the following

Lemma 2 Under assumptions C.1, M.1, A.2, A.3, and A.4, for sufficiently small AO > 0, there

s a positive L < oo such that
0 < E[V]—-E[(AY; —I)T] < LAG.

This suggests that, for the purpose of establishing the existence of %ET(Q) and obtaining an
expression for it, we can substitute E[V] with E(AY; — 1), a considerably more tractable expres-
sion.

Proof: Let K*(v,Af) = E[exp{y(% - %)}] Let Z; be the age of the arrival process at the end

of the first busy period. Then
AY] I
K*(7,A0) = Ele”s0 Ele”"a0 | Z1]] (25)

since AY7 and I; are conditionally independent given Z;. We next show that

«o Aba

I
PV < = )
Elexp{=yxgh 21 < VA +a oy + Aba (26)

Since the conditional distribution of I; given Z; has density 19(—ZG%(+Z?)7 the conditional expec-

tation on the lhs of (26) is [;~° e*”/Agf(_ZGli(JZ))dzc which, after integration by parts, gives 1 —

14



I Ale_M/Ae%dfn. This, together with the inequality % = exp(— fZlH g d{) >

exp(— [z 217 vdE = exp(—ax), gives inequality (26). Combining (25) and (26) we obtain

% AYl AQO&
< .
K*(v,A0) < Elexp{y N }]’y—i—A@a

In the Appendix (Lemma 11) we show that there exists ¢ > 0 such that E[exp{'yAY1 }] < K for

0 <~y <e Hence, for 0 < vy <e

Abo

* < 202
K0y A9) = K7+A9a

From this follows that K*(y,Af) < 1/2 for 0 < v < ¢ and Af < 7/(2aK). But then from

Kingman’s inequality (Kingman [16]),

0 < B0, Ty~ g~ B ) < g Rl aa)
Fix v < € and let A9 < v/(2aK). Then,
0< Lpy - g Ly Ko? AG? . (27)
Af A0 A6 ey3
Multiplying (27) by A6# we obtain the inequality of Lemma 2 with L = éi%ﬁ. O

Finally, we examine the limiting behavior of E(AY; — I;)* when A6 | 0.

Lemma 3 Let Z; be the age of the arrival process at the end of the busy period. Under C.1, M.1,

A.2, and A.3,
1 1. gz Lax;,
lim = E(AY; =-F . 2
fm AP AN -1 =BT 5 7 (; i) (28)

Taken together, Lemmas 2 and 3 suggest that the contribution of E[V] to the second derivative of
ET is given by (28).

Proof: We start by conditioning on Z; and AYj. Then, w.p. 1,

E(AY; - L)Y = E[E[(AY: - L)T|AY, Z4] ], (29)

15



where Z; is the time that has elapsed since the last arrival, at the instant when BP; ends (which
in a FCFS system coincides with the system time of the last customer in the busy period). Since

the interarrival time distribution is absolutely continuous with density ¢(-) (by Assumption A.3),

the conditional density of the length of the idle period I; given Z; is fEZGl(JFZf)) for z > 0 and the

conditional expectation in (29) can be written as

BV - A,z = [T (vt i wp. 1 (30)
0

1-G(Z1)
_ A62 Oo(& _ )—l— 9(Z1+yAo) d
- 0 Ab Yy —G(Zy) Y,

9(Zitz) _
1-G(Z1) —

where in the second integral we have made the change of variables x = yA#. Notice that

9(Z1+z) 1-G(Z1+x)
1-G(Z1+z) 1-G(Z1)

< « since by A.3 the interarrival distribution has hazard rate bounded above

by «. Hence the quantity inside the integral in the last term of (30) is dominated by a(% —y)T.
Since
>~ AY; AY] o «
E —— -yt ady] = E —Ed]
|~ Gy~ ady] = $E(G5)? < 5B < .

(the last inequality following from AA? < @7 and Lemma 9 in the Appendix) we can apply the

Dominated Convergence Theorem to obtain

A0 00 7. A0
limagjo B[ f5° (% —y)t A2 dy ] = B[ [5 limaei (R — v)T SEA T dy ]
N\ 2
Bl 2505 [5G —w)tdy] = B[ £ (20 %%) ] (31)
From (29) and (31) Lemma 3 follows. O
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6 Differentiability and expressions for the steady state derivatives

In this section we establish the existence of d%ET and (under additional conditions) of %ET and
obtain expressions for them in terms of expectations that can be estimated from a single simulation

run. As a first step we show that, under assumptions M.1 and A.2, ET(0) is continuous on [a, b].

The proof of differentiability, presented in Theorem 2, is based on the results of the sample path
analysis of §4 and §5 which relied on the monotonicity assumption M.1 and the positivity of the
increment Af. We show that, under the same assumptions, the right derivative DT ET(0) exists,
obtain an expression for it, and show that it is a continuous function of #. Since a continuous
function with a continuous right derivative must be differentiable (a special case of Lemma 14) the
differentiability of ET'(6) is established. This indirect argument is necessary in order to avoid a
complicated sample path analysis involving negative perturbations. Second derivatives are dealt

with similarly.

Throughout this section the monotonicity assumption M.1 is maintained. It will be relaxed in

§8.

Theorem 1 For a GI/GI/1 queue satisfying C.1, M.1, and A.2, the expected system time in

steady state, ET(0), is continuous on [a,b].

Proof: Under C.1, A.1, A.2, and M.1, we have shown that

Nl(a) )
> X;(0+A0)—X;(0)]+EV(0,A0) for A >0. (32)
i=1 j=1

ET(0+ A0) — ET(0) — E[Nll(é?)]E[

(This is equation 23.) Combining this with inequality (97) established in Lemma 14 we obtain for

all A, positive or negative, such that |Af| < min(0 — a,b — 0),

1 Ni(0)
[ET(0 4 80) ~ BT(0)| < g Pl 2 ]21 1X;(0+ A9) — X;(0)] + EV(6,]A8]) . (33)
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As an immediate consequence of A.2 (see Remark 1) | X;(6 4+ Af) — X;(0)| < &;|A6|. Furthermore,

N1 i Ny
ED Y &) < ENiY &) < (Ba)A(END)? < oo (34)
i=1j5=1 =1

with &; = E;N:ll &i. The first inequality above holds because &; > 0 w.p.1, the second follows from

the Cauchy-Schwartz inequality, while the last is a result of Lemmas 8 and 9. Hence

Nl(e) )
|AF]
|[ET(0+ AQ) — ET(0)| < ————<E| &1+ EV(0,|A0)) . (35)
BRAGIPIP I
Letting |Af| — 0, the theorem follows immediately from Lemma 1. O

Theorem 2 For a GI/GI/1 queue satisfying C.1, M.1, and A.2, the expected system time in

steady state, ET(0), is continuously differentiable for 0 € [a,b] with

d _ E[xY ;‘:1%]
ag "0 = E[N1]

70 (36)

Proof: The outline of the proof is as follows:

(i) We first show that ET'(0) is a right differentiable function of € on [a,b).

(ii) We next show that the right derivative D ET(0) is continuous on [a, b) (and hence Riemann-

integrable).

(iii) In the final step of the proof, we use the fact that a continuous function with Riemann-

integrable right derivative must be continuously differentiable.

(i) Right differentiability of ET(): Dividing both sides of (32) by Af# we obtain

1 1

N1 i
M[ET(@+A9) — ET()] = BN B> Y

A

X, 1
Ao Lt

A6

E[V]. (37)
i=1j=1

Arguing as in the proof of Theorem 1, the expression inside the expectation in the first term on

the rhs of (37) is bounded by

i

N i , N
DDDIEC-IEES 35 9138 (38)

i=1j=1 i=1j=1
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In (34) we have shown that the rhs of the above inequality has finite expectation. We can therefore

use the Dominated Convergence Theorem to obtain

A%TOEZZ Aa - ZZ d9 (39)

i=17=1 i=17=1

On the other hand, in view of Lemma 1, as Af | 0 the second term in the rhs of (37) converges
to zero. Hence it follows that ET(6) has a right derivative w.r.t. §, DTET def limag o 2g[ET(6 +

Af) — ET(0)], given by
E[XN Sio, ]
E[Ny]

DTET (40)
Notice that to establish (40) we made no use of C.2, A.3, or A.4. We also note that the above

dominated convergence argument insures that DT ET(0) < cc.

(ii) Continuity of DT ET(6): Since N1(6) > 1 w.p.1 for all § € [a, b], we need only show that the
numerator and the denominator on the rhs of (40) are continuous functions of §. We start with the

observation that,

%iII(l]Nl(Q—F(S) = N () w.p.1, (41)

and
N1(0+6) 4

2 Zd& +0)= 2::

where in (42) we have also used C.1. The above equations hold both for positive and negative 9.

X
df W.p.l7 (42)

1 MA

Once again we will use the Dominated Convergence Theorem to show that (41) and (42) imply

lim F[N, (6 +6)) = E[N(0)] . (43)
and N1(6+8) N1 (6)
1(0+8) 1 7
dX dX
lim B[ ) Z— 0+0)=F —(0)] (44)
6—0 i=1 j=1 do i=1 j=1 df
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respectively, and hence establish the continuity of D ET(6). Indeed, for |§| < min(6 — a,b — 6),
N1(0 +6) < N(b) w.p.1, (45)

and EN;(b) < oo as a consequence of M.1.

4X(0) < &

To obtain a dominating random variable for the lhs of (42) we use the fact that

w.p.1 for all € [a,b] (assumption A.2) together with (45) to get

N1(0+6) 4 N(b)
| Z Z d9 9 + 5 < Nl Z éz . (46)
=1 j=1

Using the Cauchy-Schwartz inequality we obtain

E[Me) o e] < (BENR@)Y (E[zﬁEF”£42)U2 < oo, (47

the last inequality following from Lemmas 8 and 9 of the Appendix.

Thus we have established the continuity of DTET(#) on [a,b). We also note that the above
inequality gives a bound for the rhs of (40) for all § € [a,b]. DYET(#) can be defined at b by

continuity.

(iii) Differentiability of ET(): Since Dt ET(6) exists and is finite and continuous on [a,b),

ET(0+h)—ET(9)

at least two of the Dini derivatives, limsupy, o =—————7, and liminfy o

ET(9+hi)l “ET0) a6 fie

nite and both equal to DT ET(6). Hence they are continuous and bounded on [a, b) and therefore
Riemann-integrable. This allows us to use Lemma 14 to infer that d%ET exists and is equal to

DTET for all § € (a,b). O

When 6 is a location parameter of the service time distribution, % = 1 and (40) becomes

dET _ E[N?] + B[Ni]

= . 48
do 2E[Nq] (48)
In the case of a scale parameter, % = % and the corresponding expression is
dET EYyNM X

do 0E[N]
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In view of examples 1 and 2, in both of the above cases, C.1 is satisfied automatically. Also,
assumption A.2 is reduced to a simple moment condition: E[X (b)?] < oo or E[X(b)?] < oo for a
location or scale parameter respectively. In applications, location and scale parameters arise natu-
rally and the simplicity of (48) and (49) illustrate the ease of implementation of the corresponding

perturbation analysis algorithms.

Theorem 3 For a GI/GI/1 queue satisfying C.1, C.2, and assumptions M.1, A.2, A.3 and A .4,
the expected system time in steady state ET(0) is twice continuously differentiable for 6 € |a,b] with

second derivative given by

. 2y .
db? E[M]

where Z1 is the age of the arrival process at the end of the busy period.

Proof: From (23), and Lemmas 2, and 3 it follows that

B[ S AX] 1 g(Z) Sk dx;

T(0+A0) — ET(0) = — = -FE 21 A0° AG?) . (51
(0+20) ~ ET(0) Tt P G (S g 1A+ elad) . 61
Since ‘57)2((0) is assumed to be continuous in [a, b] (Condition C.2), Taylor’s theorem gives AX; =
NG (0)+ L0024 0+ 3;A0) with B; € [0, 1] (depending in general on w, 8, and Af) and hence,
AKX dX
lel A = lel d92 (0 + B;00))] . (52)
7 7 7 J

Arguing as in the proof of Theorem 2, the quantity inside the expectation on the rhs of (51) is

dominated by zﬁ‘ﬁl 3-:1 1; (because of A.4) which in turn is dominated by N; Efvzll |1)i|. Hence

B[SM Siow] < EEY el < (88D (B[T rwz-i]Z)m <o,
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the second inequality following from Cauchy-Schwartz, while the last following from Lemmas 8 and

9 of the Appendix. From (52), the Dominated Convergence Theorem, and the continuity of ¢ d92 X (6)

we obtain
lim — li E[ A = fE
Alg?oAG ;z_:l AH Alerflo2 ;; d02 6+ 5;0)] ;]2:1 d92
This allows us to write (51) as
ET(0+A0) — BET() = gy EISN So, G1A0 (54)

+ 4 (Bl (0 S50 + ey EISN iy Gt]) A6 + o(A9).

To simplify the notation let h(6) = d%ET (0) and ¢(6) be the quantity inside the parenthesis in the
second term of the above expansion. Using a dominated convergence argument similar to that in

the proof of Theorem 2, we can easily show that ¢(#) is continuous. We also have

ET(0 + 2A6) — ET(0) = h(0)2A6 + 2q(9) A6* + o(A6?), (55)
1
ET(0 +2A0) — ET(6 + A9) = h(0 + AO)AO + 5q(e)M? + o(A6?). (56)
Subtracting (54) from (55) we obtain limag)g ET(0+2A9)_2§52(0+A9)+ET(9) = ¢(#) while subtracting

(54) from (56), we see that x5[g(6 + Af) — g(0)] = 5=z [ET(6 + 2A0) — 2ET( + Ad) + ET(6)] +

21a(0 + A0) — q(0)] + o(1). Letting A# | 0, in view of the previous equation and the continuity
of q() we see that the right derivative DT h(6) exists and is equal to ¢(#). Using Lemma 14 and
arguing along the lines of Theorem 2 we conclude that ET'(0) is twice continuously differentiable

with second derivative

BT L oxey- 42X 7)) dax,
> E[Ny] E[;; dQQJ] + E[l_g(G;)Zl)(; a0 )] - (57)
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As before, location and scale parameters yield especially simple expressions: When 6 is a location

parameter of the service time distribution

d’ET 9(Z1) 9
= FE[——~-—-N 58
de? [1—(;(21) il (58)
and when 0 is a scale parameter
d’ET 1 9(Z1) 9
— = —FE[——_Y, 59
d? 62 [1—G(Z1) il (59)

where Y7 is the length of the busy period. For location and scale parameters, and more generally,
whenever % =0, (50), (58) and (59) reveal that the second derivative of ET is obtained simply
by taking into account the “interactions” between adjacent busy periods. (In fact, Lemma 3 of §3

is a formalization of this idea.)

7 Vector parameters of the service time distribution: Gradient
and Hessian Estimation

In this section we describe briefly an extension of the above results to vector parameters. While
conceptually straightforward, this extension is important both in applications and in extending
the results of the previous section to service time distributions satisfying A.1 instead of the more
restrictive monotonicity assumption M.1. We start by giving the vector parameter equivalents of

the conditions in §2.

Let 0 = (61,....0), 0 € B [a,b1] x -+ x [ag, b]. As in §2 let U be a random variable

def

uniformly distributed in [0,1], and F~!(u,0) = inf{v : F(v,0) > u}. Then X(§) = F~Y(U,0)

satisfies P(X(0) < z) = F(z,0). We will assume that it satisfies the following conditions:

Condition VC.1 The partial derivatives D; X (0), l = 1,...,k, exist and are continuous functions

of 0 € B w.p.1.
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Condition VC.2 The partial derivatives Dy, X (0), l,r =1,...,k, ezist and are continuous func-

tions of 0 € B w.p.1.

We also introduce the vector parameter counterparts of assumptions M.1, A.1, A.2, and A.4.

For economy of notation we will use the same symbols as in §3 whenever no confusion arises.

Assumption VM.1 X (6y,...60;) is monotonic in each 0y, | = 1,2,...k, w.p.1. Without loss of

generality we will assume that for some k1 € {1,2,...,k}, X is nondecreasing in 601,...60k,, and
nonincreasing in Ok, 41, . ..,0k. Furthermore, if A is a random variable distributed according to the
interarrival distribution, EX (b1, ..., bk, Qg 41, .. a05) < EA < 00.

As we shall see, the above monotonicity assumption can be replaced with the following, less

restrictive,

Assumption VA.1 Let x = supg_g X(0). Then Ex < EA < oo where A is a random variable

distributed according to the interarrival distribution G.

k
Assumption VA.2 Let & = sup Z |D, X (0)]. Then E[x?] < 0o and E[¢3] < co.
0eB =1

Assumption VA.4 There exists € > 0 such that E[eX] < oo and E[e€] < co. Furthermore, if

Y = supg.p Zf’lzl 1D, X (0)|, El¢]? < .
The following theorem is obtained by an analysis entirely analogous to that of sections 4 and 5.

Theorem 4 For a GI/GI/1 system with service time distribution F(x,0) satisfying conditions
VC.1 and assumptions VM. 1 and VA.2, the expected system time in steady state is continuously

differentiable with gradient

OET _ B DX,
00, E[M] I
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If in addition VC.2, and assumptions A.3, and VA.4 hold, the expected system time in steady

state is twice continuously differentiable with Hessian matriz given by

OET B[N ) Dy X
= D X D, X =1,2..... k.
6913& E[Nl] T Z1 Zz; l Z T? ) 4y ) (60)

Proof: The analysis is carried out for each component of # separately, following §4 and 5. If X (0)

is nonincreasing in ), then we choose Af; < 0 and obtain a left derivative D;” ET'(6). Establishing

the continuity of D;" ET(0) for I € {1,2,...k1} and that of D; ET(0) for | € {k; +1,...k} as in
OET

64.1, we conclude that the partial derivatives 5, €xist and are continuous and hence that ET(6)

is differentiable. O

8 Relaxing the monotonicity assumption

The main idea here is to convert a scalar parameter 6 € [a, b] which does not satisfy the monotonicity
assumption M.1 into a vector parameter (61, 62) which satisfies VM. 1.

Suppose we are given a stochastic service time function X (0), 6 € [a,b] satisfying C.1. Let
X = (L) — (LX) = 1(%F > 0)LE + 1(% < 0)% where (%) and (%¥)~ denote the positive
and negative part respectively of the derivative & W at 6. Define a stochastic service time function

of two variables, by means of

X(01,69,0) = X(a,0)+ [ (B (u,0)tdu — [P(E(u,w)"du  forallwe Q (61)
= X(a,w) + [P 1(E (u,w) > 0) B (w,w)du + [ 1(%E (u,w) < 0)%X (u,w)du

and (91, 02) def

{a <01 <b; a <0 <0} Thus the rhs of (61) is nonnegative w.p.1.
Furthermore X (0) = X(6,6) w.p.1 and X satisfies VM.1.

Example: Consider the family of uniform distributions with mean m and spread 26, 6 € [0, m]:

0 if x<m-—-20
Fz,0)=¢ (x4+0—-m)/20 if m—0<z<m+6
1 if m+0<x .
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On the probability space ([0, 1], Bjg 1}, Ljo,1]), the last two parts of the triplet designating the Borel
sets on [0,1] and the Lebesgue measure on that same interval respectively, the corresponding
stochastic service function would be X (f,w) = m + 6(2w — 1). Then (%X (0,w))* = (2w — 1)¥,
(%(Q,w))_ = (2w—1)",and for 0 < 6; < 2m, i =1,2, X(61,02,w) = m+6;(2w—1)" = (2w—1)",
w € [0,1].

We can now state the following corollary to Theorem 4:
Corollary 1 In Theorem 2, assumption M.1 can be replaced by A.1.

Proof: Given a queueing process with interarrival times {4;(w)} and service times {X;(0,w)},
we construct for each w and each (61,602) € D a new queueing process with the same interarrival
sequence {A;(w)} and service time sequence {X;(01,02,w)} with X;(01,602,w) given by (61). Let
{Ti(ﬁlﬁg,w)} be the corresponding sequence of system times. Notice that, for any 6 € [a,b],
X;(0,0) = X(#) w.p. 1 and hence that T;(6,0) = T;() w.p. 1, assuming that both systems start
empty with the arrival of a customer at time ¢ = 0. The new system with the vector parameter

however satisfies the monotonicity assumption VM.1. In particular we have DX, = (djél

O)djgi, Dy X; = 1( Xi < O) 4Xi "and hence

dET

= = DiET(0,0)+ D:ET(0,0) Z Z DiX;) + Z > D2X;]

i=1j=1 i=1j=1

e dx; dx; . ax,
= IS a1 > 0% + 1 <0) = ﬁE[ZZNQ j=1 a0 (0)] -

a

The same approach allows us to relax the monotonicity assumption in our second derivative results:
Corollary 2 Theorem & also holds with assumption M.1 replaced by A.1.

Proof: Define X (01,65), T(61,62), as in Corollary 1. From (61) it is easy to see that w.p.1

- dX d2X

D11 X(0.0) = 1(— il 2
D12X(0,6) = Dy X(0,0)=0,
- dX A2 X
Dy X = 1= z=
2X(0,6) (o <9
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Hence, from Theorems 2 and 3,

djlff(e) = DuET(0,0) + DnET(0,0) + 2D ET(0,0) (03
_ ST OO0 sy (o b0
. E[Zj.v:ll Zé:&\[ll?}zz)?j(&@)] L E 13(GZ(IZ)1) (va:ll Dﬁh(&,ﬂ)f]
¢ o PEEEA PO oy gy (53, by 0.0) (52,515 00)].

(%1: DlXi) 2+ (% DgX’,) 2+2 (?1; D1X}) (% DQXi) = (:EV:: D\ X; + DQXi) 2 = (%1: Cig) 2 .

i=1 i=1 i=1 =1
From the above two equations and (63) the proof of the corollary follows. O
Extending the above ideas to vector parameters is straightforward. If X (0y,...,0;) satisfies

VA.1, we can define using the same approach a stochastic service function depending on 2k pa-

rameters, say X (0] ,... ,9,’;; 01,...,0, ), which satisfies VM.1. We will state without proof
Corollary 3 Theorem /4 also holds with assumption VM.1 replaced by VA.1. O

9 Derivatives with respect to parameters of the interarrival time
distribution

We start by introducing the following assumptions:

Consider a parametric family of GI/GI/1 queueing processes with service and interarrival time

distributions F'(z) and G(z,n), n € [c, d], respectively. Define
A(n) = G=H(U,n) (64)

where U is uniformly distributed in [0, 1]. We use the same notation as in §4. In order to avoid

the proliferation of complicated notation we shall recycle x, &, v, and «, used in assumptions A.1

27



through A.4 and use them with new meaning in the corresponding assumptions of this section. We
will assume that the family of interarrival time distributions G(x,n) is such that the corresponding

random interarrival function A(n) satisfies condition C.1 and the assumptions that follow:
Assumption IA.1 If x(w) = inf,cc.q A(n,w) for all w, then EX < EXx.

If there exists n* € [c¢,d] such that A(n) > A(n*) w.p.1 for all n € [¢,d] then the above assumption

is simply a stability condition for the corresponding family of queueing processes.
Assumption IA.2 [f {(w) = inf, ¢ g ]%(n,w)\ then E[£3] < 0.

To obtain second derivative estimates A(n) must satisfy, in addition to the above, C.2 and the

following two assumptions:

Assumption IA.3 For all n € [c,d] the interarrival distribution G(x,n) is absolutely continuous
with density g(x,n), which without loss of generality we will assume right continuous, and has

hazard function uniformly bounded in [c,d]: sup,cc q % < a < oo, for all z € ]0,00).

Assumption IA.4 There exists € > 0 such that E[eX] < co and E[e®] < co. Furthermore, if

Y(w) = supye g |52 (0, w)], Bl < oo,

We will again base the sample path analysis that follows on an additional monotonicity assump-

tion which will be relaxed in the sequel:
Assumption MIA.1 A(n+ An) < A(n) w.p.1 for An > 0.

(Notice that to keep the analysis parallel to that of §3 we assume that A(n) is nonincreasing in n
w.p.1. As a result, a change from 7 to n+ An in the parameter may cause busy periods to coalesce,

but not to break up.)

An important point in which the analysis for interarrival time parameters differs from that of

84 and 5 is the behavior of the associated system which is more complicated. In the following
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paragraphs we briefly describe the arguments highlighting the differences between the two cases

and providing some details.

On the same probability space as in §4 we define
X; = F ' (Uy1) and  A; = G ' (Ugm), i=12,... .

We examine again two sample paths, the nominal with interarrival parameter value n and the
perturbed with n+ An, both starting with the arrival of the first customer, C7, to an empty system
at time ¢ = 0. Let T;(n) be the system time of the ith customer and AT; = T;(n + An) — T;i(n).
N; is the number of customers in the ¢th busy period and My = N1 + No + --- + Ny, My = 0,
is the discrete time renewal process of the indices of customers whose departure terminates busy
periods. These quantities depend of course on 7 but, unless the dependence is made explicit, they
are determined from the nominal sample path. Hence when we refer to the index of the customer
who terminates the kth busy period in the nominal sample path we may write either My (n) or My,
whereas for the index of the customer who terminates the kth busy period of the perturbed path

we will always write M (n + An).

Let AA; = A;j(n+ An) — A;(n), and define

My, My,
Bi(n) = Y. Ain), Br(n+An) = Y Ai(n+ An),
i=Mp_1+1 1=Mp_1+1
k=1,2,..., and
M,
ABy ¥ — Y A4, k=1,2,.... (65)
i=Mp_1+1

Notice that for convenience we define ABy, to be positive. (In view of MIA AA; <0 w.p.1.) Bi(n)
is the length of the kth busy cycle in the nominal sample path. However, this is not necessarily the

case with B (n+ An) since both are defined with respect to M. Similarly let

M, My,
Sk(m) = Y. Tm),  Sk(n+An) = Y Tiln+Ap),
i=Mp_1+1 i=Mj_1+1
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My,
AS, S AT, k=12, (66)
=My _1+1

The change in the system time of the ith customer is given by
i—1
AT, = — > A4 + Vi for Myp_1+1<i< Mgy, (67)
J=Mp_1+1

where the above sum is taken to be 0 if empty and Vj_1 is the waiting time of the kth customer in

an auziliary system given by

Vk = max(O, ABk — Ik, ABk + ABk_l - Ik - Ik—h ceey (68)

ABy+ABg1+--+ABy — Iy —Ix1—---—1).

As in §4 the auxiliary process defined by (68) will be stable provided that EAB; < EI; or equiva-
lently EX1 < EA1(n+An) (i.e. aslong as the parameter change in the interarrival time distribution
does not make the system unstable). We can also show that EAB% < oo and hence, as k — oo,

that Vj, converges in distribution to a random variable V with EV < oo.

An analysis similar to §4 yields

Nllz

ET(n+An) — ET(n) = — E[> > AAj + EV]. (69)
i=1 j=1

10 Analysis of the auxiliary system

This section consists of three lemmas, similar to their counterparts in §5. There are however enough

differences both in the proofs and in the final results to warrant repetition.
Lemma 4 For the auziliary system defined above, lima,—q ALHE[V] = 0.

The proof of Lemma 4 is similar to that of Lemma 1 and we will omit it.

Next we prove the counterpart of Lemma 2:
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Lemma 5 For any r € (0,1) and sufficiently small An > 0 there is a positive L < oo such that

0 < E[V]-E[(AB, —I,)"] < LAp*™. (70)

Notice that, unlike Lemma 2, here the exponent of An can be arbitrarily close to 3, but not exactly.

Proof: As in the proof of Lemma 2 we will use Kingman’s inequality (Kingman [16]). The only
complication that arises here is the fact that AB; and I; are not conditionally independent given Zy,
ABy I

the age of the interarrival process at the end of the busy period. Define K*(y, An) = E[eV(Tnff’v)].

Using Hoélder’s inequality we obtain
AB I
K*(7,A) < [Be? S0 |7 [Be 5] (71)

for any p and ¢ such that 1/p+1/q = 1. As in the proof of Lemma 2, to compute the second term

in the right hand side of (71) we first condition on the age of the arrival process at the end of the

Ana

busy period, Z;. This gives the inequality E [exp{—q’yi—ln} | Z1] < 7K, Hence
ABy Ana
K*(v,An) < [Eexp{p 1/p /a 72
(v, 8n) < [Bexplpy=g =1 (72)

From Lemma 10 of the Appendix with obvious changes in the notation it follows that E[exp{~y AAE:] 11] <
_ . 1
K for v < e. Hence, letting K = K (%) /q, for 0 < v <,

K*(y,An) < KAp'/a, (73)
From this follows that K*(y,An) < 1/2 for v and An small enough (namely for 0 < v < ¢/p and

An < (K/2)7). But then from Kingman’s inequality (Kingman [16]),

ABl Il ABI Il + [K*(’Yv Aﬁ)]Q
0 < E[sup(0, _ Ly - BEE Ty < . 74
w0, 3, An = Ay Ay 2ev[1 = K*(v, An)] ()
Fix v < ¢/p and let An < (K/2)?. Then,
1 AB, I, K*
< _ _ 2 q
0 BV - Bl -3t < A (75)
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From (75), for any r € (0,1), ¢ = 2/(1 4+ 1), An < (K/2)9, and L = (K)?/ey, we obtain (70). This

concludes the proof. O

Finally, the limiting behavior of E(AB; — I;)* when An — 0 is characterized by the following

Lemma 6 Let Zy be the age of the arrival process at the end of the busy period. Then,

. 4 _ ) dA
limay—0 zE(AB1 = 1) = B[y (S 4+ St ay, —2)7) (76)
where
dAN1’ def 1 G ls(Go(Z1) — Z
dy A=A 520 5 '

(In the above definition and in what follows we use Gy(x) as a more compact notation for G(x,n).)

dA . . . .
The presence of the term WNW Ay,=z, in (76) does not come as a surprise since (AB; — I1)" is

positive only on {I; < AB;} and as An — 0, AB; — 0 w.p.1 and hence Ay, — Z; w.p.1.

Proof: Let Z; be the time that has elapsed since the last arrival, at the instant when BP; ends. To
compute the limit in (76) we condition on the information available at the end of the busy period
and more specifically on vazlf YAA; and Z;. To simplify the notation define AR = — vazlf LAA;.
Then

E(ABy — I)" = E[E[(ARy + Ady, — I)'|ARy, Z1]] (77)

Turning our attention to the conditional expectation in (77) and taking into account that

A]\/1 = 71 + I; and that
AAN, = G {ag(Gy(AN,) = ANy = G {p (Go(Li+ Z0) = Z1 = I
we can rewrite (77) as

/0 ARy + Gyl (G2 + 2)) — 21— o] 22050 g (78)
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Let DRy (x) def —y M dA ( ) denote the value of the derivative %Rl evaluated at n = x. Using
Taylor’s theorem, we get AR; = DR;(n+ SAn), where 8 € [0, 1], depending in general on 7, An,

and w. This together with the change of variable y = x/An in (78) gives

/0 [DRy(n+ BANAD + Gyl (G Z1 + yAn)) = Zy — yAn) " SN Apdy . (79)
We thus have

Jim iz B E(AR: + Ay, — 1) ARy, 23] =

= Jim B [DRy(n+B8n) + 25 (Cylay(Go( 21 +ydn) = Z1) — " 4EEREdy ] . (80)

From assumption IA.2 we have

Ni—1
DRi(n+ pAn) < Z§1 w.p.1,

and from TA.2 and the triangular inequality,

‘Gn—l-An(Gﬂ(Zl + ?JAW)) - Zl‘ S ‘Gn—l-An(GU(Zl + yA??)) - Zl - ZJA77| + ?JA??

< é(NvAn+yAn  wp.l.

Hence, arguing as in Lemma 3 we can show that the quantity inside the integral on the rhs of (80),
for An < 1 is dominated by 2a(X° N, &—y)*. Since E [° 2a(XN, &—y)tdy = aE(XN, &)? < o0
(by Lemma 8 of the appendix), an appeal to the Dominated Convergence Theorem shows that we

can pass the limit inside the expectation and the integral in (80) to obtain
E[ | (DR lim L (G, (Go(20) - 21) -yt 912D
[/o (DR1(n) + 1770A77[ ot an(Gn(Z1) = Z1) — y] G (™

which is equal to the rhs of (76). O
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Theorem 5 Suppose that A(n) satisfies C.1 and assumptions IA.1 and IA.2. Then the expected
system time in steady state, ET(n), is continuously differentiable with respect to n € [c, d] with

i dA
dET B i G

dn E[Ny]

(81)

Furthermore, if in addition to the above A(n) satisfies IA.3 and 1A.4 then ET(n) is twice contin-

wously differentiable on [c,d] with

— i d?A; _
d?’ET E[Zfiﬂ ! j=1 dnzj] 9(Z1,1m) Ny 1dAi dAn,

. E[Ny] - E[l—G(Zl,n)(; dn — dn = )]

(82)

The proof follows from (69) and Lemmas 4 through 6, proceeding along the same steps as in
the proof of Theorems 2 and 3. After obtaining a right derivative DY ET(n), a continuity argu-
ment for it is used to show differentiability as in §6. To extend the result beyond the realm of the

monotonicity assumption MIA, we can use an argument similar to that presented in §8.

11 Queues with parametric families of interarrival and service
time distributions

Consider a family of GI/GI/1 queueing processes with interarrival time distribution G(x,n) and
service time distribution F'(z, ), (n,60) € [c,d] x [a,b]. For the purpose of derivative estimation we
can of course consider one of the two parameters fixed and vary the other, thereby transforming the
problem to a case already addressed. However for the purpose of estimating the partial derivative
%ET we have no recourse but to repeat the steps described in §4 and §9 with both parameters
changed at the same time. We briefly sketch the approach: With AY} and ABy, defined in (8) and
(65) let

EV(AT], AH) = Esup(O, ABl + AYl - Il, ABl + ABQ + AH + AYQ - Il - IQ, .o ) (83)
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If we set An =0 in (83) we obtain the expectation of the rhs of (13). Af = 0 would give the last

term of (69))

Let A = \/An? + Af2. Following the same steps as before we obtain

ET(n+ An,0 + A0) — ET(n,0) = EN Z > AX)] (84)
1 i=17=1
Ni—1 1
— AAj] + EV(AG,An).
EN1 X; ]Z: ( n)

To establish the existence of ag—gnET it is enough to show that the following iterated limit exists

and is a continuous function of (1, 8) € [¢,d] x [a, b].

[ET(n+ An,0 4+ AQ) — ET(n,0 + AQ)] — ET(n+ An,0) + ET(n,0)] . (85)

lim i
2610 Anlo AGAY

Taking into account (84), (20), and (69) we can show that the quantity inside the iterated limits

in (85) is equal to
EV(An,A9) — EV(0,A0)] — EV(An,0) = E(AB1+AY, —5L)T — E(AY; —I;)" (86)

— B(AB—-I)" + o(A?),

where in the last equality we have used Lemma 2, Lemma 4, and its obvious counterpart for

EV(An, A§). It remains to compute

1
— + _ _ + _ +
ileio inio AOAn [E(ABy + AY1 — 1) E(AY: - 1) E(ABy — I)"].

The analysis is similar to that of Lemma 5. We summarize the results in the following

Theorem 6 If the system satisfies C.1, C.2, assumptions A.1 - A.4, and TA.1 -T1A.4 then

ET(6,n) is twice continuously differentiable with

9(Zi,m)  [dX; ) (=l L 4w,
1—G(Z1,T]) (]g ) (1_1 dn ‘AN1:Z1)] . (87)

The continuity of the rhs of (87) is established by means of arguments similar to those of §4. It

O’ET
onoo

also guarantees the equality %ET = 88(239 ET.
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12 Perturbation Analysis Algorithms

Here we present perturbation analysis algorithms that provide strongly consistent estimates of the

first and second derivative of ET. Algorithm 1 describes a standard regenerative procedure for

. . 2
estimating ‘CIE—QT and ¢ deEQT

from observations on a single sample path consisting of m busy periods.

Algorithm 1

Start with arrival to idle system
INITTALIZE:
Set the following variables to zero: DX, DDX, SDX, SDDX, BP, n, nbp

Set m= number of busy periods to be observed

NEXT-SERVICE:
Observe next service time X
n=n+1
DX =DX + %
DDX = DDX + ©X
SDX =5SDX + DX

SDDX =SDDX +DDX

NEXT-ARRIVAL:
If arrival finds system idle then
Z = Length of last interarrival time — Idle period
BP = BP + {22 (DX)?

G(2)
DX =0
DDX =0
nbp = nbp + 1

If arrival finds system busy do nothing

STOPPING CRITERION
If nbp < m then go to NEXT-SERVICE
FINAL VALUE
Ti(m) = DX

n

T2(m) = 5BDX 4 B

n m
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Print T1(m) , T2(m).
STOP

The outputs T1(m) and T7'2(m) printed by Algorithm 1 are respectively, the PA estimates for the
first and second derivatives of ET with respect to 8 based on observing m busy periods. Note that

T'1 is the same estimate stated in Suri and Zazanis [29].

The following is a corollary to Theorems 2 and 3.

Corollary 4 For a system satisfying C.1, A.1, and A.2, the output T1(m) of Algorithm 1 is a
strongly comsistent estimate of %. If in addition C.2, A.3, and A.4 are satisfied, T2(m) is a

strongly consistent estimate of dzg.

Proof: With the notation of §3, the total number of customers in m busy periods is equal to

Y opey Ni and the output of Algorithm 1 is given by

1 S M, ; dX;
Tim) = sy X (S Sewon ] (88)
and
T2m) = o 3 [T Tan i ]
1 & 9(Zk) My, ax; |2 ]9
+ EZ -G (Zr) (Zz‘:MHHW) : (89)
k=1

Each one of the three quantities indexed by k inside the square brackets in (88) and (89) form
an i.i.d. sequence of random variables, k = 1,2,...,m, since they are obtained from consecutive

busy periods. Consider the following inequalities:

> > TQJ < N > &G=Ndy,
=My 1+1j=Mg_1+1 i=Mp_1+1
My, 7 dQX M;,
Y > d02] < Nk Y v =Ny,
i=Mp_1+1j=My_1+1 i=My_1+1
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and

=M _1+1 i=Mp_1+1

2 2
9(Zk) & dX; o _
1- Gka) ( 2 5 ) s a ( ) 52‘) = a®j.

Since by Lemma 7 of the Appendix ENI? < oo and by Lemma 8 E@% < oo and E\IJ% < 00, it follows
from the Cauchy-Schwartz inequality that the lhs of the above inequalities have finite expectations.

The corollary follows then from the Strong Law of Large Numbers and Theorems 2 and 3. O

Algorithm 2 shows that estimating Hessian matrices simply involves using additional variables
accumulating quantities computed from each busy period but does not complicate in any other way
our task. This fact, which is clear from (44),(82), and (87) results in considerable computational

savings. (For simplicity only two entries of the Hessian are estimated in Algorithm 2).

Algorithm 2

Start with arrival to idle system
INITTALIZE:
Set the following variables to zero:
DX1,DX2, DA, SDA, DDX, SDDX, BPA, BPX, nbp, n
Set m =number of busy periods to be observed
NEXT-SERVICE:
Observe next service time X (01, 62)
n=n-+1
DX1=DX1+ %~
DX2=DX2+ %%
DDX = DDX + 2%
SDDX =SDDX + DDX
NEXT-ARRIVAL:
Observe next interarrival time A(7n).
If arrival finds system busy then
DA=DA+ %
SDA=SDA+ DA
DDA = DDA+ 94
SDDA=SDDA+ DDA
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If arrival finds system idle then
Z =Length of last interarrival time - Length of idle period
BPX12 = BPX12 + 2% _(DX1)(DX?2)

1-G(2)
BPA=BPA+ {225 (DA)?
DX1=0, DX2=0, DDX =0, DA=0, DDA =0

nbp =nbp + 1
STOPPING CRITERION
If nbp < m then go to NEXT-SERVICE
FINAL VALUE
T12(m) = SD% + BPX (An estimate for 2 9 de Iy,
TA(m) = % + BTI:LA (An estimate for 2 ET)
Print T12(m), T A(m).
STOP

Corollary 5 IfVC.2, VA.2, A3, and VA.4 hold, Algorithm 2 gives a strongly consistent esitmate

of the Hessian matriz.

The proof is similar to that of Corollary 3 we will omit it.

13 Experimental Results

The results presented here were obtained by simulating a GI/GI/1 queue using regenerative tech-
niques along with the bias reduction method of Meketon and Heidelberger [19]. The length of the

sample paths was approximately 100000 customers and the confidence intervals were at a 95% level.

In Table 1 we present the output of the PA algorithm for an M/G/1 queue with arrival rate a~*
and service time distribution uniform in [6 — §, 8 + ] and we compare the PA derivative estimates
with the true values obtained from the P-K formula (Kleinrock [17]). Experiments were done for
(a,0,0) equal to (100, 20, 16), (100, 50, 40), and (100, 80, 64), corresponding to traffic intensities
p=0.2,0.5, and 0.8. With three parameters, a, #, and §, the Hessian matrix of ET has six different

entries and if we were to use finite difference estimates we would need 19 experiments for each value
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of p instead of a single one required by our approach. It is interesting to notice the accuracy of the

results and the surprisingly tight confidence intervals.

In Table 2 we present results for an analytically intractable system with interarrival times

uniformly distributed in [a—d, a+ 4] and service times with the following triangular density function

z/6? ifo<xz<@
flx,0) = ¢ 2/0 —x/6? if 0 <x <20
0 otherwise

The nominal experiment is observed for parameter values a = 100, = 80,6 = 70. Since no analytic
results are available, we compare the PA estimates with finite difference estimates. The first row of
the table shows the PA estimates, while the second shows the finite difference estimates obtained
using increments Af = 3, Aa = 5, Ad = 10. Thus the second row required 19 experiments while

the first row was obtained from a single one.

In addition to the fact that the PA estimates required 19 times fewer experiments, it is interest-
ing to notice the extent to which PA estimates outperform the conventional symmetric difference
estimate T ,. In fact the confidence intervals of the former are an order of magnitude smaller than
that of the latter. This is not accidental. As a matter of fact, in Zazanis and Suri [31], it is shown
that the Mean Square Error (MSE) of T} 4 goes to zero as O(%) when the number of busy periods
in the sample path m goes to infinity. On the other hand, the MSE of T}, goes to zero at best as

O(ﬁ) This demonstrates the asymptotic superiority of the PA estimate from a numerical point

of view as well.

These experimental results also suggest that algorithms 1 and 2 may provide unbiased estimates
for a wider class of distributions than those restricted by A.1 - A.4 (since the hazard rate for the

arrival density is not bounded in this example).
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Table 1: Results for an M/G/1 Queue

Traffic Intensity p = 0.2 0.5 0.8
g2y PA 1.97 +0.02 8.23 + 0.26 1.44+0.18
gz %102 %102
2
99 p K Formula 1.97 8.43 1.42
g2y PA 4.13 + 0.04 6.59 + 0.14 1.68+0.11
=5 x1073 x1073 x1072
P-K Formula 4.17 6.70 1.67
g2y PA 9.45 +0.13 2.38 + 0.08 0.98 +0.13
i x10~% x10~2
2
9% p K Formula 9.48 92.43 0.97
g2y PA 8.20 + 0.21 5.93 + 0.27 5.42 + 0.90
505 x10~4 x1073 x10~2
P-K Formula 8.33 5.33 5.33
g2y PA —4.07 4 0.05 —4.3440.14 ~1.1840.15
- x1073 x1072
9 p K Formula | —4.07 443 117
g2y PA —7.9240.85 —5.18 4 0.46 544+ 1.10
o x10~4 x1073 x10~2
@ P_K Formula ~8.33 ~5.33 ~5.33
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Table 2: Results for a GI/GI/1 Queue
Partial derivatives Symmetric Difference Perturbation Analysis
(SD) estimate (PA) estimate

0T . .
= 1.73 £ 248 x 10 1.32 + 0.09 x 10
o*T
— 1.22 £ 078 x 107! | 1.01 £ 0.07 x 107!
Oa?

2

T
or 89 4+ 19.0 x 1073 10.5 + 051 x 1073
062
O°T ~1.27 £ 031 x 107! | —1.17 + 0.08 x 107!
000a ' ' ' ’
Gl 2.62 + 144 x 1072 | —3.05 = 0.20 x 1072
0006 ' ’ ’ '
O°T —3.0 £ 09 x 1072 | —2.98 £+ 0.18 x 1072
060 ' ' ’ ’

14 APPENDIX

We begin by establishing (7) which we repeat here for ease of reference.

Lemma 7 Under assumptions A.1 and A.2,

ET(0 + A0) = limy, oo L 0 T(0 + A0) = limy o0 57277 Sty T(0 + A0) wp. 1. (7)

Proof: Define the counting process corresponding to the discrete time renewal process { My (0); k =
0,1,2...} via R,(0) = > 5o L{Mi(0) < n}, for n = 1,2,.... (Thus R,(0) = [ iff at parameter

value € the n’th customer, C,,, belongs to the ith busy period). For typographical convenience the
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number of customers in the busy period which contains customer C,, will be denoted by Ng, (0)
(instead of Npg, (4)(¢)). Let us also denote by J, () the index of the customer who initiates the
busy period in which C;, belongs. With the above convention, we write as J,,(0) = Mg, _1(6) + 1.

We also denote by Qx(6) the area under the kth busy period as a function of # (not to be confused

MRg,, (0+A0)

with Si(6) defined in §4). Then Qg, (0 + A9) = SIS0

T;(0 + AB) is the area under

the busy period in which C), belongs at parameter value 6 + A#f.

To establish Lemma 7 it suffices to show that the second limit in (70) exists and equals the

first. Indeed the first limit can be written as

Jn(0)—1 n
. Jn(g) —1 1 1
lim Ti(0+ A0) + ——— T;(0 + A9) | . 90
n—o0 n (Jn(e) et Jn(e) -1 i:%:(e) ( ) ) ( )
As a consequence of the above definitions lim,, . Too=T ZJ" i(@ + Af) exists iff the limit

on the rhs of (70) exists and in that case they have the same value. We first establish that

lim In(0)

n—oo  n

=1 wp. L (91)

In view of the inequality J, < n < J, 4+ Npg, it suffices to show that lim, . Nry,

=0 w.p. 1. This
in turn follows readily from the fact that, with probability one, R, < n, lim, .., R, = oo, and
limg oo Ni/k = 0. (Since the r.v.’s { Ny} have the same marginal distribution and FN; < oo, the

last claim is a direct consequence of the Borel-Cantelli lemma).

Similarly, for A@ > 0, a monotonicity argument shows that J,(0+A6) < J,,(0) w.p. 1 and hence

the inequality 31", (o) Ti(0 + Af) < 2N OHAD 139 1 AG) = Qr, (6 + A6) holds w.p. 1.

The second term inside the parenthesis of (90) is dominated by Rjn((eé;ff ) jom (91+ A7 @R (0+ Af) and

is nonnegative. Since {Qx(6 + Af)} is an i.i.d. sequence and lim,,_.o Ry (0 + Af) = oo w.p. 1, the
argument of the preceding paragraph applies again and v > i T;(0 + AB) is thus seen to
vanish w.p. 1 as n — oo. In view of (91) and the remarks that precede it, the proof of the lemma,

is complete. O
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Lemma 8 Under assumption A.2, EN1(0)? < oo for all 6 € [a,b].

Proof: A.2 guarantees that EX;(0)? < co which implies that EN7(0)? < oo on [a,b] (see Wolff

[30]). 0

Lemma 9 Let & = 25\21 &, Uy = vazll V;. Assumption A.2 implies that E®? < oo, and as-

sumption A.4 that EV? < oo,

Proof: EN? < oo (Lemma 5). From this and the fact that E¢} < oo it follows that E®F < oo.

(See Gut [11, p.22].) The proof of the second statement is identical. O

We continue with an elementary inequality for Ny, the number of customers in the busy period

of a GI/GI/1 queue:

Lemma 10 Under assumptions A.1, A.2, and A.4,
P(Ni(f) > k) < I¥F, with 0<I<1, (92)

for 0 € [a,b].

Proof: The difference between interarrival and service times can be bounded for all § € [a,b] as

follows: X;(0) — A; < xi — A;  T';. Then

P(N,(0) > k) = P(ixj(e)—Aj > 0,i=1,2,...,k) < P> X;(6)—A;>0)
Jj=1 j

Jj=1

IN

k
PO T;>0) .
j=1
From Chernoff’s theorem [6] we have

P(Zk:rj >0) < 17, (93)
j=1
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with [ = inf;er, Ele] < 1. (The existence of such [ is guaranteed by A.4. Because of the

definition of I';, Inequality (92) holds for all € [a, b]). O

Now we are ready to state and prove

Lemma 11 For a stable GI/GI/1 queue with service time satisfying assumptions A.2, and A.4,

there exists v > 0 such that
N-

E[e2Xi18) < K < 00 . (94)

Proof: It is enough to show that, for sufficiently large u, there exist positive ¢ and A such that

P(XM & > u) < Ae=*. Let a > E[¢;] and k be an integer such that
ka < u < (k+1)a .

Then,
N1 k
PO & >wu) < PO & > ka) + P(Ny>k) .
=1 =1

Also, let m(a) = infer, Ele!l1~4]. Clearly since a > E[¢], m(a) < 1. Using Chernoff’s theorem

once more we get

k
P(Z& > k‘a) < [m(a)]k < Lefua—lllogm(a)\ — Alefucl 7
=1

m(a)
with ¢; = a~!|logm(a)|. On the other hand, from Lemma 10 it readily follows that

P(Nl > k) < Age "2 |

From the above follows that

N1
PO & >wu) < Aem . (95)
i=1
This establishes the existence of K < oo such that (94) holds. O

The next lemma provides the martingale stability argument which establishes (21).
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Lemma 12 Under assumptions A.1 and A.2 (21) holds, i.e.

1 m—1
—— > Vi(Nps1 — EN1) - 0 wp.l.

m=21:3

Proof: From Lemma 8 EN? < oo, hence ENiO’/2 < oco. However, E®3 < 2c3 E[&]? ENf’/Q, where
c3 is a numerical constant (Gut [11, p.20]). Using A.2 we conclude that E®$ < oo. From this
follows that the second moment of the steady state distribution of the auxiliary system is finite,
ie. EV? < oo.

Now let {Fi; k = 1,2, ...} be the history of the process until the end of the &k’ th busy cycle. From
(11) we check that Vj is Fi- measurable and a moment’s reflection shows that Vi (Ngy1 — ENy) is
a JFj- martingale difference sequence. Now use the independence of Ni1q and Vj and the fact that
EV2 < EV? < oo which follows from the stochastic monotonicity of Vi and the finiteness of E®}

established in the previous paragraph:

EV?
k2

i ig E[VZ(Nyt1 — EN)? = Var(Ny) i (96)

k=1

> 1
< wmwwzﬁ<m.

From (96) and a standard martingale stability argument (Stout [25, p.5]) we conclude that (21)
holds. O

The final two lemmas presented here are needed in the proof of Theorems 1 and 2. The first
states an inequality necessary in establishing the continuity of ET(6) while the second is a standard

result from real analysis presented without proof.

Lemma 13 Under M.1 the following inequality holds for 8 —a > Af > 0:

B Xhey X,(0 = A0) = X,0)]

0> ET(9 — AQ) — ET(G) > E[N1]

(97)
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Proof: Our analysis here parallels that of sections 4 and 5 and examines the effect of negative
perturbations introduced to the sample path of the system. It is not carried out at the same level
of detail since our aim here is simply to establish inequality (97). With the same notation, we have
the following counterpart of (12)
i
0>Ti(0—A0)—Ty(0) > > X;(0—A0)—X;(0), for My <i< M. (98)
J=Mj_1+1

Inequality (98) expresses the fact that, when perturbations are negative, busy periods cannot
coalesce. Hence, the change in the system time of customer Cj; is negative with absolute value
equal to Z;’sz_1+1 | X;(0 — Af) — X;(0)|, if BP, the busy period in which C; belongs in the
unperturbed sample path does not break up, or smaller if it does. The counterpart of (13) becomes

My,
0> ASe = S(0— A0 —$(0) = 3. T(0—A0)—T,(6)
=M _1+1

My, i
> > X0 - A0) - X;(6). (99)

1=Myg_1+1j=Mg_1+1

Y

Summing the terms of the above inequality for k = 1,...,m, dividing both sides by >_/*; Nj and

letting m — oo yields (97). The details of the argument are similar to those in section 4. O

Lemma 14 [22, p.95] Let f : [a,b] — R be continuous. Let one of the Dini derivatives of f be
Riemann integrable. Then so are the others, and all Dini derivatives are equal a.e. on [a,b]. If Df

denotes any one of the four Dini derivatives of f, then

"Diydt = fy) - f@)  (x.y € [a.b]) .

xT
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