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The Bivariate Generalized Waring Distribution and its Application
to Accident Theory
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SUMMARY
The univariate generalized Waring distribution was shown by Irwin (1968, 1975) to
provide a useful accident model which enables one to split the variance into three
additive components due to randomness, proneness and liability. The two non-random
variance components, however, cannot be separately estimated.

In this paper a way of tackling this problem is suggested by defining a bivariate
extension of the generalized Waring distribution. Using this it is possible to obtain
distinguishable estimates for the variance components and hence inferences can be
made about the role of the underlying accident factors. The technique is illustrated
by two examples.
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1. INTRODUCTION
The phenomenon of accident causation has always attracted much interest and various hypotheses
have been developed towards its interpretation. Among them the idea of accident proneness has
stimulated much interesting statistical theory and method. One important contribution in this
direction is Irwin’s (1968) “proneness-liability” model giving rise to a three parameter discrete
distribution, the univariate generalized Waring distribution (UGWD) with probability generating
function (p.g.f.)
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and hy =I'(h +1)/T'(h), h > 0,1 € R. (For a more detailed account regarding the structure, models
for, properties, extensions and applications of this distribution see Irwin (1963, 1975), Xekalaki
(1981, 1983a-g, 1984a) and Xekalaki and Panaretos (1983).)

Irwin’s accident model assumes that all nontandom factors can be further split into
psychological and external factors. So, the term “accident proneness” (denoted by v) refers to a
person’s idiosyncratic predisposition to accidents and the term “accident liability” (denoted by
Alv, ie. A for given v) refers to a person’s exposure to external risk of accident. The UGWD
then arises from a Poisson distribution of accidents with p.g.f. exp {(\ | ») (s — 1) } for individuals
with proneness v and liability A | » when A | v has a gamma (Pearson Type III) distribution and »
has a beta distribution of the second kind (Pearson Type VI).

Present address: University of Crete, Department of Mathematics, Iraklio, Crete, Greece.

© 1984 Royal Statistical Society 0035-9238/84/147488 $2.00



1984] Bivariate Generalized Waring Distribution 489

The distribution was applied by Irwin (1968, 1975) to data on accidents sustained by men
in a soap factory, providing an improved fit as compared to the negative binomial. But this fact
alone is not very important. The innovation brought by this model in accident theory does not
lie in the better fit but in the possibility of partitioning the total variance (0*) into three additive
components due to proneness (02), liability (02) and randomness (6%) thust,

0® = o} +k*a? + 0%, (1.1)
where

R=ak@+D) (=D (=D, R=a@+p-1)(p-1)7 -2,

ok =ak(p=1)", o* =ak(@+p—1)(k +p—1) (o - 1) (p—2)~'. (1.2)

By estimating the parameters of the distribution and hence the variance components, one is
in a position to draw conclusions regarding the contribution of each factor to the given accident
situation.

There is, however, a problem arising from the fact that the UGWD is symmetrical in a, k
(UGWD (g, k; p) ~ UGWD (k,a;p)). As a result, two solutions are obtained for @ and k& when
fitting the distribution and hence distinguishable estimates for o? and 02 cannot be obtained.
Dealing with the soap factory accident data, Irwin (1968) considered k to be the bigger value,
as that made the variance component for proneness larger than that for liability. The assumption
that the larger component measured proneness was based on his knowledge of departmental
differences. In general, however, although one may consider that o2 + k2 o2 represents the variance
component due to all non-random factors, the mathematics alone do not tell us whether ¢
represents the liability component and k%62 the proneness component or vice versa. Thus, if
the observations are arranged as a univariate distribution, the choice of the proneness or liability
component will, as Irwin points out, depend upon extra information concerning the group of
individuals under observation. Can we, then, rearrange the observations in such a way as to throw
some light on this problem?

A sensible method would appear to be to divide the whole period of observation into two non-
overlapping sub-periods and then study the resulting bivariate accident distribution. So, we need to
introduce a bivariate theoretical distribution with marginals as UGWD’s to describe our data in the
light of a proneness liability hypothesis. The aim is to estimate the variance components based on
the mathematics alone (objective information) rather than on personal (subjective) judgement.

In the next section a bivariate extension of the UGWD is defined and its structural properties
are studied in the Appendix. Section 3 goes on to examine this bivariate form in relation to
accident theory and to show that, using it, it is indeed possible to obtain distinguishable estimates
for the variance components due to proneness and Hability. Finally, in Section 4 the bivariate
model is applied to data on road accidents and conclusions are drawn with regard to the underly-
ing contributing factors. -

2. THE BIVARIATE GENERALIZED WARING DISTRIBUTION
To construct a bivariate extension of the UGWD, a natural approach would be to go back to
Irwin’s (1963) original definition of the univariate version. His starting point was Waring’s
expansion

This he then generalized to

T The difference of (1.1) from Irwin’s (1968) original relationship is only notational and due to a different
scale parameter in the distribution of A | v.
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Hence letting p =x —a >0 and multiplying both sides by p(x) the successive terms of the result-
ing series defined his generalized Waring distribution UGWD (g, k; p) with probability function
(p.f.).
apnk 1 .
Py = P(x) N ~, a,k,p>0, r=0,1,2,...
@+tp)xy @tk +p)nr!

It is our aim now to define the bivariate version of this distribution. In doing so we will first
generalize further Waring’s expansion.

Let Af(x) = f(x + 1) — f(x). Then, for k, m,a >0.
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Provided that x >a, the doublé series in the right-hand side of this equation is convergent. If we
now let p =x —a >0 and multiply both sides by p(x+m), we will obtain a double series of positive
terms which converges to unity and thus its general term can be regarded as defining a bivariate
discrete probability distribution with p.f.

p a k(pm 11
Pr, 1= _M _,(:M ayk,m’p>0; r,1=0,1,2,....
@+ kemy @Hhk+m+p) gy 1t IV '
In the sequel, we refer to this distribution as the bivariate generalized Waring distribution with
parameters a, k, m and p and we denote it by BGWD (a; k, m; p).

3. THE BGWD IN RELATION TO ACCIDENT THEORY

Let us now see how the bivariate model defined in Section 2 can arise in an accident situation
in the context of accident proneness and accident liability.

Consider individuals of proneness v and liability A; | » for a period i of observation. Assume that
over two non-overlapping time periods the numbers X,Y of accidents incurred by these
individuals follow a double Poisson distribution with p.g.f.

Gx, vy, A &0 =exp{ [N G-+ (-1} A, >0.

Let the liability parameters Ay v, A5 | v be independently distributed as gamma (k; v) and gamma
(m;v) respectively, ie. Nlv~((0;)v i)" e~N/lv 7 i1, 9, =k, 6, =m, v>0. Then, for
individuals with the same proneness but varying hablhtxes the joint distribution of accidents over
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the two periods is double negative binomial, i.e.

G, vy 6 N={1+v(1 -9} * {1+ -1} ™

Assume further that the proneness parameter v has a beta distribution of the second type with
parameters a and p, i.e. v~ T'(@ +p)v* 1 (1 +v)~(@*2)/[['(@)I(p)]. Then, the joint distribution
of the numbers of accidents over the two periods is

T(p +a) j‘*“‘

()@ AL +0) @) {1491 =) % {1 +p(1 — ) ™dp

G, vy 6,0 =

o +o0o

_ D(p +a) ) ]3'_) o pEHHEL (] gy (@tprkrmarid) g
or@ AT
P r=01=0 0

P(k+m)

S e Fy(@;k,m;a +k+m+p;s,t)~ BGWD (q; k, m; p).
@+ p)(ic+m)

An interesting feature of this model is that it allows not only for differences in the exposure
conditions from person to person within each sub-period, but also for differences in the exposure
conditions of the same individual between the two periods. The person’s proneness is regarded as
constant throughout the entire period of observation. Taking into account the fact that the term
proneness reflects the individual’s inherent tendency to incur accidents, the latter assumption is
reasonable, at least for a limited period of time. (By no means do we imply that the person’s
proneness remains constant throughout the person’s lifetime.) The choice of a gamma form
for the distribution of the liability parameter and of a beta form for the distribution of the prone-
ness parameter is completely analogous to Irwin’s choice in the univariate case.

Let us now come to the question of assessing the significance of the contribution of prone-
-ness, liability and randomness in a given accident situation. Assume that a period of
observation is split into two non-overlapping sub-intervals and that the BGWD (g; k, m; p) fits the
resulting bivariate accident distribution. Then we have for the total variance of the overall period
that ¢* =0} +(k +m)® o’ + ok where o} =a(k+m)@+1)(o—1)"(p—2)™" (liability com-
ponent),

ol=al@+p—-1)(p—-1)2(-2)" (02 = proneness component)

and 0% = a(k +m) (p—1)~! (random component). Note that the BGWD is not symmetrical in a,
or @, m, so any method of parameter estimation will provide separate estimates fora, p and k +m.
Hence, d1st1ngu1shable estimates of the variance components can be obtained using the above
equations. Moreover, one can infer the contribution that proneness and liability have had i jn each
of the two sub penods Starting from the obvious relationships ¢% = oﬁ +k%0 + aR and
0¥ = a)\ +m?o? + cR we arrive at estimators for the variance components. The results can be
summarized in Table 1.

It should be noted that the BGWD is symmetrical in k and m (BGWD (a;k, m;p)~
BGWD (a; m; k; p)). Thus, fitting the distribution by any method of parameter estimation will
yield two solutlons Judging from the fact that under the proneness-liability hypothesis the random
components of the marginal variances UR‘ and ”R, are (from (1.2) and (1) in the Appendix)
identical to uy and uy respectively. It would seem reasonable to choose the solution that yields
estimates of these two components within a neighbourhood of the corresponding observed
marginal means. This would eliminate any ambiguity arising from interchanging the roles of &
and m with regard to the estimation of the components of the two marginal variances.
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Estimators of the components of the variance of the generalized Waring distribution

Component due to

Marginal variance of X

Marginal variance of Y

Variance of X +Y

>

AA A A
& +
Random factors ,..a __Kam M
p—1 p—1 p—1
k2a@+p—1 m*a@+p—1) (k+m)?a@+p—1)
Proneness = T — X s ==
(P—1)*(p—2) p—1)>%0-2) G-1)*(@-2)
AA A AN A ~ A A A
Liability aka+1) _am@+1 ak+m)(@+1)
@-1)(F-2) G-1y(E-2) p-1)(-2)
Total sh(p+k—1)(p+ta—1) am@+m—1)(@P+a—1) sk+m)(prk+tm—1)(P+a—1)

(B-1(@-2) (P-12(p-2) B-12(p-2)

4. APPLICATIONS
In this section we consider applications of the BGWD (a; k, m; p) to road accident data. Table
2 contains Cresswell and Froggatt’s (1963) data on accidents incurred by 183 bus drivers in
Northern Ireland during the period 1952-55. The data are arranged in a bivariate distribution
whose margins correspond to the 1952-53 and 1954-55 periods (upper entries).

TABLE 2(*)
Accidents to Belfast Corporation Transport bus drivers

\Y ‘ 1954-55
s \\\l 0 1 2 3 4 5 6 7 8 9  MARGX
———————————— - - = - - = — == - - -—-- -~~~ =~ 7
o 8 9 4 ) 3 5 0 0 0 0 } 29
| 903 1072 752 406 _ 187_ 077 _ 029 _ 0.0 _0.04_ 001, 34.41
1 | 13 15 14 7 T3 T~ "% "0 "T0 "o || s4
| 1026 1433 1156 705 | 3.62 :: 1.64 0.68 027 0.0 003 | 49.54
b
2 | 6 16 10 8 2 113 2 0 1 o i{ 48
| 6.89 11.06 1008 686 , 3.88 ), 193 _087_ _0.36 _0.14 _ 0051 42.13
3 1T70 "7 S e S T S S B T
'+ 357! 647 657 | 493 305_ 164_ 080 _0.36 _0.5 006, 27.59
T S, - S = = T T T LT T
4 |, 2 4 1 13 3 1 0 0 0 o i 14
b | 157 3.8 _3.56;,292_ 196 1.4 059 028 _ 0.3 0.95. 15.37
& s - T--1- "6 - "i "1 "1 "9° "1 "To "o 6
o ' 062 138 169 151 _ 1.09 068 038 019 _ 0.09_ 0.4 7.67
6 1'6”_1""'1'_‘0"‘T"‘l"—o—"—o"—“o"""_l”—n 5
023 055 073 070 0.54 0.36 021 012 006 0.03; 3.53
|
7 0 0 0 0 0 0 0 0 0 o ! 0
i 0.08 021 029 030 025 018 011 006 003 0.02! 1.53
g8 |l o i 0 0 0 0 0 0 0 o ! 1
, 003 007 o011 012 011 008 005 003 002 001' 0.63
i
9 {1 o 0 1 0 0 0 0 0 0 o 1
, 001 002 004 005 004 003 002 002 001 000, 025
MARGY | 30 ss 38 25 21 8 2 100 2 1 183
32.27 47.99 42.15 28.50 16.40 845 401 179 076 031  182.64

x* = 9.4144 with 16 degrees of freedom. P(x}s > 9.4144) = 0.894.
(*) Broken lines indicate the grouping adopted in the application of the chi-square test.
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The table shows a correlation coefficient of 0.259 between X and Y. It would therefore appear
reasonable to assume that the population is non-homogeneous. This might also be supported by
the fact that a Poisson distribution can be fitted to the observations within the first sub-interval
quite well (P> 0.3), but not to the observations within the second sub-interval (0.01 <P <0.05)
and certainly not to those over the whole period (P<<0.001, Cresswell and Froggatt, 1963,
pp- 155, 165, 166). Moreover, over the entire period of observation 63 drivers out of the 183
(34.4 per cent) were responsible for 433 out of 732 (59.2 per cent) accidents. Also, of those who
had 4 or more accidents during the first period, 51.9 per cent had at least 3 accidents during the
second period. It is perhaps worth noting at this point that the 183-driver group did not include
inexperienced drivers, drivers with little experience, or near retirement. As Cresswell and Froggatt
(1963) point out, this was done in an attempt to eliminate as much as possible any influence of
age and experience. Attempts were also made to ensure as far as possible homogeneity in the
environmental risk. Cresswell and Froggatt state (p. 18): “It seems reasonably certain that so far
as can be ascertained, all drivers within each grouping selected were indeed equally exposed to the
risk of incurring an accident.” However, they cautiously add (p. 62): “Although the relevant
variables of age and experience can be controlled to some extent, an equal-risk environment
cannot be exactly realized in practice, . . .” Therefore, even though all the drivers that were
included in the group worked in the same district, the encountered hazards (other than the road
condition) cannot be ascertained as having been exactly the same for all the drivers during the
4-year period, nor for the same driver in the two consecutive 2-year sub-periods. Considering all
these points, we conclude that the observed differences in individual behaviour cannot be
explained by chance alone. Hence the proneness-liability model discussed in the previous section
seems to be appropriate.

The BGWD has been fitted to this bivariate accident distribution by a method analogous to the
one employed by Irwin (1968) for the UGWD using the first- and second-order factorial moments
of the distribution. In particular, if X, Y denote the numbers of accidents during the first and
second period respectively, the estimating equations used are ‘

- + — .

I ;z{c" Aam  7- :z(a I)Akm Wz a(@+1) Ek(k+13+m(m +1)],(4.1)
p—1 p-1 P-1)(-2) P-1)(-2)

where W=3; ;j(j— Dfij/n, Z=3; ;i(i— Dfij/n, T= 24,7 fij/n and fij is the observed joint

frequency.

The asymptotic variance-covariance matrix V of these parameter estimators can be obtained as
follows. n A om A

Let 8 =(9,,0,, 03,04) denote the parameter vector (@, k,m,p), 0 =(0,,0,,03,03)
denote the vector (, £, p) and let t =(71,72,73,74) and t=(¢y,1,,13,14) denote the
vectors  (ux, My, iz, 0) * 10, 2)» 1, 1) and X, Y,W+Z,T) respectively.  (Here
B,y = EX D YD) where X () = x(x — D.o..(X—-r+ 1), X(®) =1). The parameter estimators
0; are functions of the sample factorial moments ¢;, say 0; = ¢ty ,t,13,24)i=1,2, 3, 4. Then,
from the general theory we have ‘

V=¢8I, (4.2)
where
3\ 3¢
J:(Jij)= <-—t->;\ =<‘—1‘> and S=(Si]-)=(cov ([i,ti)), i,j= 1,2,3,4
60,- 9=0 at,- t=1

with ’ for transpose.
Then, the asymptotic variances of the variance component estimators will be given by

V(o) = Iy VI, 4.3)



494 XEKALAKI [Part 3,

with i for component type, i.e. random (i = 1), proneness (i = 2), liability (i = 3) and j for time
period, i.e. first (7 = 1), second (j = 2) overall ( = 3). Here

[ 96h 0o} dcl 90j
== = = =

i P ~ s PR A ) i:i=1a2a3-
% ok om  0p

0=0
Explicit formulae for J, S and J;; in terms of a, k, m and p can be obtained after much algebra,
(see Xekalaki (1984b).

The means and second-order moments estimated from the data of Cresswell and Froggatt are
X =19563, y =2.0437, 2= 44372, w = 5.0492, 7 =4.7159. Hence using equations (5.1) we find
2 =5.6338, k =202.2860, m = 211.3270, p = 583.5520.

The upper and lower entries of Table 2 show the observed and expected cell frequencies of
accidents. As judged by the Pearson chi-squared goodness-of-fit criterion (%), the BGWD fits the
data well (x3¢ = 9.4144, P=0.894) and so do the marginals as well as the distribution for the total
period (Table 3). Estimates of the components of o*, o% and 0% can now be obtained using
Table 1 and are given in Table 6.

TABLE 3
Accidents to Belfast Corporation Transport bus drivers (entire period 1 952-55)

u 0 1 2 3 4 5 6 7 8 9 10 11 >12 = Total
Observed 8 22 25 33 32 24 8 12 8 3 3 3 2 183
Expected 9.03 20.98 28.74 30.25 27.04 21.62 1591 11.00 7.26 4.57 2.717 1.63 1.84 182.64

It seems that in this particular accident situation, chance and proneness were by far the
dominating causing factors. In both sub-periods as well as in the total period the contribution of
random factors to the total variance is above 50 per cent. Of the remaining percentage, proneness
appears to have the largest share in all the three cases. The exposure of the individuals to external
risk of accident does not seem to have had any significant contribution. This indeed confirms
Cresswell and Froggatt’s assertion of an “as far as possible” equal-risk environment. Most
important of all, it indicates that introducing a parameter that accounts for differences in the
external conditions has not led to contradictions. Quite to the contrary, it is noteworthy that the
model produces an estimate of the effect of the external factors that is as small as, by the
driver selection procedure, it was expected to be. In fact, the results tell us more. They imply that
it can be ascertained from the model that not only did those external factors that were controlled
(e.g. homogeneity of road conditions) have little influence on accident causation, but, also, that
impossible-to-control external factors (e.g. careless driving of other road users) made no
significant contribution either. One can, therefore, say that, among the non-random factors
adduced to account for the fact that some drivers have had more accidents than others, proneness
had a dominating effect —a conclusion that is not at variance with what was anticipated.

The model is next applied to a set of accident data from a different driver population for which
the need for allowing for differences in the environmental risk would be more obvious. The motor-
vehicle accident data of Table 4 represent the accident experience of a sample of 29 531 general
drivers in the State of Connecticut, USA licensed and driving through the entire 6-year period
from 1931 to 1936 (US Bureau of Public Roads, 1938). The data are presented as a bivariate
frequency distribution whose marginals refer to the periods 1931-33 and 1934-36. The drivers
were selected from the files of applicants for renewal of operator’s licences who had been licensed
in every year from 1931 to 1936. There was no selection whatsoever on the basis of an “equal
risk environment”. The reported number of accidents per driver refers to the specified 6-year
period “without regard to the mileage covered or to the number of hazards encountered by each
driver”, as indicated on page 18 of the above-mentioned document. Hence the fact that the
exposure of different drivers to external risk may be different should be taken into consideration.
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TABLE 4 (*)
Accidents to Connecticut general drivers
Y 1931-33
b'e 0 1 2 3 4 MARG X
0 23 881 2117 242 17 ™7 T 7Y 26259
23881.17 2144.91 213.43 23.26 ; 275 1| 26265.52
1 2 386 419 57 9 .3 : 2874
2 374.65 422.20 62.36 897 . 131 | 2 869.49
_____ s
2 275 64 12 5 1 : 357
3 258.90 68.33 13.32 2.37 0.41 | 343.33
| PO USRI —
S 3 22 5 2 2 0 | 31
o 30.65 10.68 | 2.57 0.54 0.11 44.56
4 : 5 4 (oo 1 0 [ 10
3.91 1.68 , ! 048 0.12 0.03. | 6.22
L_ __________ S T S e e P
MARG Y 26 569 2609 313 34 6 29 531
26 549.29 2647.80 292.17 35.26 4.61 29 529.13

x?* = 17.9978 with 10 degrees of freedom P(x}, > 17.9978) = 0.056
(*) Broken lines indicate the grouping adopted in the application of the Pearson chi-square test.

The 29 531 drivers collectively reported 7082 accidents. Of these, there were 1147 drivers,
3.9 per cent of the total driver-population, who had 2 or more accidents each and who together
had 2579 accidents, i.e. 36.4 per cent of all the accidents. Also, 211 drivers having 3 or more
accidents who constituted about 0.7 per cent of the population were responsible for 10 per cent
of the accidents. On the other hand, the majority of the drivers, 80.9 per cent, had no accidents.
Note also that, in the period 1934-36, the total number of accidents incurred by the accident-
free drivers of 1931-33 was 2660 yielding a rate of 0.101 accidents per driver, while the corres-
ponding rate for the drivers with 1 or more accidents in 1931-33 was 701 /3272 = 0.214 accidents
per driver. The BGWD has been fitted to this set of data by the same method as before. The values
of the sample statistics involved are ¥ =0.1260, ¥ =0.1138, w = 0.0305, Z = 0.0345, 7 = 0.0596
yielding 2 = 0.9992, k = 9.2774, m = 8.3798, p = 74.5709.

The value of the Pearson chi-square statistic is x* =17.9978 with 10 degrees of freedom
indicating a quite reasonable fit (P=0.06). The fit is also quite good for the total period of
observation (Table 5). The estimates of the variance components for this set of data are given in

TABLE 5
Accidents to Connecticut general drivers (entire period (1931-36))

u 0 1 2 3 4 5 6 7 8 Total
Observed 23881 4503 936 160 33 14 3 1 0 29 5§31
Expected 23 881.17 4519.56 894.53 184.60 39.63 7.93 1.43 0.23 0.03 29 529.13

Table 6. Again the random factors seem to have significantly contributed to this accident situation
in both sub-periods as well as in the total period. The corresponding effects of the external factors
are higher than those of the previous application but certainly much lower than the effects of
proneness. o .

As far as the asymptotic standard errors of the parameter estimators a, k, m and p are
concerned, it may be pointed out that in both cases they come out to be uncomfortably large.
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TABLE 6
Estimates of the components of the variance of the generalized Waring distribution

Connecticut drivers Belfast Corporation transport bus drivers

Component 1931-33 1934-36 1931-36 1952-53 1954-55 1952-55

Random 0.1260 (86.4%) 0.1138 (87.4%). 0.2398 (78.5%) 1.9563 (73.4%) 2.0437 (72.6%) 4.0000 (57.8%)
Proneness 0.0163 (11.2%) 0.0133 (10.2%) 0.0591 (19.3%) 0.6871 (25.8%) 0.7498 (26.6%) 2.8724 (41.5%)

Liability ~ 0.0035 (2.4%) 0.0031 (2.4%) 0.0066 (2.2%) 0.0223 (0.8%) 0.0233 (0.8%) 0.0456 (0.7%)
Total 0.1458 (100%) 0.1302 (100%) 0.3055 (100%) 2.6657 (100%) 2.8169 (100%) 6.9180 (100%)

One explanation for this may be the fact that the determinant of the matrix (d¢;* /6(3,-) is very
small in both cases, (~9.4)10 7*® and (=2.5)10 *® respectively, which implies an almost singular
matrix. Hence, the asymptotic theory seems to offer not much help in the evaluation of standard
errors for these two cases. Maybe the answer lies in the fact that (4.2) provides exact variances
and covariances as long as the parameter estimators are linear functions of the sample statistics.
Here the form of the estimators is far from being linear and, thus, (4.2) may not be appropriate for
a reasonable representation of the variance-covariance matrix of &, k, 77 and . On the other hand,
the large standard errors may be due to the inherent weaknesses of the moment estimators. All
these signal the need for a separate investigation into the properties of the suggested method of
estimation and possibly of alternative methods of estimation. At this stage, evaluating the standard
errors of the variance components through (4.3) will not be meaningful as these will incorporate
any inaccuracies in the standard errors of the parameters.

In conclusion, it should be noted that the BGWD introduced in this paper should not be
thought of as limited to applications in the field of accident studies. It may well provide a useful
model for other practical situations for which data can be arranged in a bivariate form, especially
in cases where splitting the variance into meaningful components and estimating their importance
might provide further valuable information.
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APPENDIX

The p.g.f. of the bivariate generalized Waring distribution can be expressed in terms of the
Appell function of the first kind, i.e.

Gis.t)= - P p ik mya +k Am s, £),
(a+P)(k+m)

where

' - w @ BBy u vt
Fi@B8,8vu,0)= Y ¥ PP M) .
r=01=0 Y(r+) rt

The fact that p >0 implies that G(s, ¢) is convergent for all the values of @, k, m within the area
[-1,1.] x [—1,1] and by Gauss’s theorem

Fi@ k,myatk+m+p;1,1)=(@ +P)(k+m)/P(k+m)-
The successive probabilities of the BGWD (e; k, m; p) are related by first-order recurrence
relationships, namely
Pir1,j _ (@+i+))(k+i) Pi, j+1 _ _,,_(f.l ti+j)(m +))

pi,; @tktmtptitj)(+1) pi, i @+k+mtp+it)(G+1)

Properties of the BGDW

Both the unconditional and the conditional marginal distributions as well as the convolution
of the two marginals have a UGWD form.

Theorem. Consider a random vector (X, Y) of non-negative and integer-valued components
such that (X, Y) ~ BGWD (a; k, m; p). Then
(i) X~UGWD(qa,k;p), Y ~UGWD (e, m;p).
(i) X+Y~UGWD (g, k +m;p).
(iii) X|(Y=y)~UGWD (@ +y,k;p+m), Y|(X=x)~UGWD (g +x,m;p+k).
Proof: Let Gz(s) denote the p.g.f. of a random variable Z. Then

() Gx(p) = &

@+p) - Fi@k,m;a+k +m+p;s, 1)
(k+m)

= ac k §*
= _Plrm) _T) ) —Fi(@tx,myatk+m+p+x;1)
@+P)kim) 4 = ¢ @tk +m+p)yy x!

=220 Fi(@, k;a+k+p;s)~UGWD (a, k; p).
@+ p)x)
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ii
(i) = Puim) Fi(ask,mya +k +m +p;s,s)

_ P(k+m)

= JFi(a, k+mya+k+m +p;s) ~ UGWD (g, k +m; p).
(@ + p)(k+m)

(iii) (3 /0tY) Fy(a;k,mya +k +m +p;s,0)

G =) =
XD " Gy ary) Fy(ask,msa +k +m +p31,0)

_Fyatysk,mtyatktmty +p;s,0)
Fi@+y;k,m+y;atk+m+y+p;1,0)

(p +m) ey
. L,Fi@ty,katk+tm+tp +y;5)~UGWD (@ +,
(@+y +ptm)k) k;p tm).

Remark: Note that proposition (iii) implies that the regressions of X on Y and of Y on X are
linear.

The fact that both marginals as well as their convolution are UGWD’s has important conse-
quences in the field of accident studies where arbitrarily splitting a period of time intotwo sub-
periods requires the marginal distributions of accidents and the distribution of accidents for the
whole period to have the same form.

The factorial moments of the BGWD (a; k, m; p) are given by the formula

iy = aq+j) k@) mg)
DD i)

It can be seen that for p <i +j the factorial moments and, hence, the moments become infinite.
Through the known transformation formulae we obtain for the moments of the BGWD

, L,j=0,1,2,...

ak am akm(@a +p—1)

Hy0 S Hx = — Mo,1 EMy = — H1,1 S0xy T oo
p—1 p—1 P-1*(-2)
ak(ptk—1)(pta—1) ., am(p+m—1)(p ta—1)
. e~ v S O
—-D*(p—2) (-1 (-2
Since it is necessary that p > 2 in order that all the second-order central moments exist it follows
that the covariance oyy is positive which implies that X, Y are always positively correlated.
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