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ABSTRACT

This paper provides a brief structural perspective of
discrete weighted distributions in theory and practice. It
develops & unified view of previous work involving univariate
and bivariate models with some new results pertaining {o
mixtures, form-invariance and Bayesian inference,

1, INTRODUCTION AND SUMMARY

The concept of weighted distributions can be traced to the
study of the effects of methods of ascertainment upon estimation
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of frequencies by Fisher in 1934 and it was formulated in
general terms and developed by Rao in a paper presented at the
First International Symposium on Classical and Contagious
Discrete Distributions held in Montreal in 1963. Since then, a
number of papers have appeared on the subject. The bibliography
at the end of this paper provides a few references. A more
comprehensive bibliography is under preparation in conjunction
with an ongoing advanced research conference on weighted
distributions and related weighted methods for statistical
analysis and interpretation of encountered data, observational
studies, representativeness issues, and resulting inferences.
See, for example, Patil, Rao, and Zelen (1985).

R. A. Fisher posed the problem of statistical inference as
that of specification, estimation, testing of hypothesis and
interpretation of results for future course of action. He laid
great stress on specification, which in modern terms may be
described as the choice of a family of probability measures on
the sample space. A wrong choice may lead to wrong inference,
which is sometimes described as the third kind of error. The
concept of weighted distributions was developed during the last
25 years as a useful tool in the selection of appropriate models
for observed data, specially when samples are drawn without a
oroper frame,

2. _UNIVARIATE DISCRETE WEIGHTED DISTRIBUTIONS

Consider a mechanism generating a non—negative random
variable (rv)X with probability (density) functiom (pdf/pf)
f{x) = f(x;8). Let w(x) = w{x,x) be a non-negative weight
function (wf) and assume that E[w{(X)}] exists. Denote a new
pdf by

fixie,a) = f(x) = w(x)£(x)
E[(w(X)]

and the corresponding v by ¥¥. Then X and X" are
referred to as original and weighted rv’s and their respective
distributions are called original and weighted distributions.
When sampling a population with X - f(x), the recorded
observation X% turns out to be a weighted version of X with

wi w(x) = ¥¥, o> 0, X is said to be size-biased of order
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a,sometimes written as X*“n See, for example, Rao (1965, 1985)
where o = 1/2 wes found to provide a good fit to data on the
number of albino children in a family ascertained through

¥1
= X

affected children. When « = 1, XV 1is written as x* and

is simply called size-biased, and has size—biased pdf

f*(x) :X_fiﬁ}. .
EfX]

The following tabulation gives certain discrete distributions
and their size-biased forms.

Forms of weight functions useful in scientific and statistical
literature include:
(1) wx) =x* for x~1,2,3,1/2,2/3, 0 < « < 1.

9
(2) wix) (g) for o =1,1/2, 0 < x < 1,

% = x(x-1}... (x~c+1).

i

(3) wix)

(8) wix) = ™%, g%

Table 1: Certain Discrete Distributions and their Size-Biased

Versions
rv* _pf size-biased version
Binomial, (g}px(l—p)“'* 1+B(n-1,p)
Bin,p)
Poisson, e % /! 1+P(A)
P()\)
Nega%ive}ﬂinomial, A hypK(-p)®  14NB(k+L, )
3P
Log?rithmic Series, 8%/x[-log(1-8)] 1+NB(1,p)
2]
. M, N-M, , N
Hypergeometric CHEC Y/ ) 1+H{n~1,M-1,N-1
pergeons , ) G}/ Gy (n~1, )
Binomial Beta, (B)B(8+z,¥+n-2z)  1+BB(k-1,5,)

BB(k,8,¥)




Downloaded by [Athens University of Economics] at 05:05 08 October 2014

910 PATIL, RAO, AND RATNAPARKHI
(5) wix) = xtl, ax+B.

{8) w(x) = 1-(1-g)* for 0 < g <1.

7ow(x) = (ox+B)/(8x+¥).

{8) w(x) = G(x) = Prob{Y¢{x) for some rv Y.

(9) w(x) = G{x)

H

Prob(Y>x) for some rv Y.

(10) w{(x) = r(x), where r(x) 1is the probability
of "survival" of observation x.

Remark: If r(x) =1, x €T and r(x) = 0 siicrwlse, we

generate truncated distributions with a given support T. Thus
the study of truncated distributions can be brought under the
framework of weighted distributions.

Note that thege weight functions are monotone increasing or
decreasing funciions of x. The following Theorem allows us a

useful comparison of XY with ¥, The Theorem can be proved
using a monotone likelihood ratio type argument between the pdf’s

of X and X¥.
Theorem 1: The weighted version ¥¥ is stochastically greater

or spaller than the original rv X according as the weight
function w{x) is monotone increasing or decreasing in x.
As a consequence, we have the next result which compares the

expected value of X" with that of X.
Theorem 2: The expected value of the weighied version X% is

greater or smaller than the expected value of the original rv X
according as the weight function w(x) 1is monotone increasing or
decreasing in x.

The following results will be of general interest.
Theorem 3: (Patil and Rao, 1978): Let a non—negative rv X have

pdf f(x). Let the weight functions w;(x} > 0 have E[wi(x)] <

= for 1 = 1,2, defining the corresponding wi—weighted rv’s of X
[*R

denoted by X !. Then the expected value of the weighted

W
version X 2 is greater or smaller than the expected value of
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W
the weighted version X i according as the ratic of the weight
functions defined by r(x) = wg(x)/wi(x) is monotone increasing

or decreasing in x.

Theorem 4: (Patil and Rao, 1978): The expected value of the
size~biased version X* exceeds the expected value of the
original rv X by the variance to mean ratic of X. Further,

the harmonic mean of X* ig equal to the mean of X.

Theorem 5: (Mahfoud and Patil, 1982): The variance to mean
ratio of the original rv X is given by the difference between
the arithmetic mean and the harmonic mean of the size-biased

version X*”

Thegrem 6: {Mahfoud and Patil, 1982): The hazard rate function

of the size-biased version x* is less than or equal to the
hazard rate function of the original rv X.
Theorem 7: (Patil and Ord, 1975): Define original rv X with

pdf f(x;8) to be form invariant under size-bias of order o if

the pdf of the size-biased version of order o given by M(x;8,0)
= f{x;n) for some N = 1n(6,a). Then, under certain mild

regularity conditions, X is form invariant dey size—biags of
order o if and only if X is a member of the log-exponential

family defined by a pdf of the form f(x;8) = xPa(x)/m(8).

3. INVARTANCE AND FORM INVARIANCE UNDER SIZE-BTASED SAMPLING
AND MIXTURES

We consider first individual examples, and then formulate
the theorem. It is straightforward to establish the individual
results .

Result 1: The size-biased version of the mixture of the

common—index-parameter binomial distributions, when their binomial
parameter has beta type 1 distribution, arises also as the
wixture of the size-biased versions of the binomial

distributions, when their binomial parameter has the gize~biased
version of the original beta type I distribution. In symbols,
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where X|p -~ Binomial(n,p), P ~ Beta I, X~P ~ Mixture of X on

its parameter P, and d means equal in distribution.

Result 2: The size-biased version of the mixture of the Poisson

distributions, when their parameter has gamma distribution,
arises also as the mixture of the size-biased version of the

s s : . .- - Y PRSI . S T
original gamma distribuition. In symbols, (AAA)* d (X"~A"3,

where X|A -~ Poisson{A), and A ~ Gamma.

Result 3: The size-biased version of the mixture of the

hypergeometric distributions H{n,M,N), when their parameter M
has binomial distribution B(N,p), arises also as the mixture of
the size—-biased versions of the hypergeometric distributions,
when their parameter M has the size-biased version of the

original binomial distribution. In symbols, (XAM)* d (X*AM*}.

where X ~ Hypergeometric{n,M,N) and M - Binomial(N,p}.

Result 4: The size—biased version of the mixture of the

common—index—parameter negative binomial distributions, when
their odds ratioc parameter has beta type Il distribution,

arises algso as the mixture of the size-biased versions of the
negative binomial distributions, when their odds ratio parameter
has the size-biased version of the original beta type II

distribution. In symbols, (XAP)* d (X*AP*), where X ~

Negative Binomial(k,p), where p = 1/(1+P), and P ~ Beta II.

We now formulate the following Theorem. The proof is
straightforward.

Theorem 8: Let X|8 be form invariant under size-bias of order

o> 0. Let E[X|8] Aef.  Let at¥ be form invariant under
size-bias of order o > 0. Then X ~ 8 is form invariant under

size-bias of order « > 0, and furthermore (Xﬂe)*“ g {X*“Ae*g),

¥ox

where Y is size-biased version of Y of order «o.
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4, BIVARIATE WEIGHTED DISTRIBUTIONS

Let (X,Y}) be a pair of non-negative tv's with a joint pdf
fix,y) and let w(x,y) be a non-negative wf. The joint pdf of
{X,¥) 1is such that E[w(X,Y)] exists. The weighted form of

£f{x,y) i=

fw(x’y) = E.(.K;Y.lf_(.&\.ﬂ .
Ef{w(X,Y)]

The corresponding weighted version of (X,Y) is denoted by
(X,¥)¥. The following forms of the marginal and conditional

distributions of (X,Y)w are ohvious.

¥(x) = Elw(x, ¥Y|x]f(x)
E[w(X,Y)]

fw(yix) = WSX,!!fg!IXZ .
E[w(x,Y){x]

Clearly, both are weighted versions of the corresponding
marginal and conditional distributions of (X,Y).
Special cases of weight functions of practical interest are

(1) wix,y) = %,

1t

(2) wix,y) = x,

{3y wix,y) = max(x,y),

{4) wix,y) =x+y,
(6) w(x,¥y) = xy,
(8) wix,y) = x%yF

in conjunction with various bivariate discrete and continuous
distributions. We record the following results, and then discuss
the effects of the weight functions w{x,y) = w(y) and w(x,y) =
w(x) as they arise in sample survey situation and in Bayesian
inference respectively.
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Theorem 3: (Mahfoud and Patil, 1982): Let (X,Y) be a pair of
non—negative rv’s with joint pdf f(x,y} such that E[X] and
E[Xly] exist for all y > 0. Let w(x,y) = x. Then

E[X{Y=y] = H(X*}Y’=y), and

wxpy) = BIEGEYT) I-R(X")
E[XY]1-H(x")

where H stands for the bermonic mean and n° is the
correlation ratic of X on Y.
If X and Y are independent r.v.'s, a weight function

w(x,y) in general makes X¥ and Y¥ dependent, which provides
a general method of generating bivariate distributions. It
would be of interest to examine the nature of dependence
introduced by different weight functions. For instance, it is
eagy to establish the following theorem.

Theorem 10: If X and Y are non-negative independent random
variables, then w(x,y) = x+ty induces a negative correlation

between X° and YV
An example of a bivariate digtribution uwsing a weight
function is the following. ILet X ~ P(Ap), Y ~ P(A(lI-p)), where

0 <p <1, and
w{x,y) = B{x+m,y+n)/B(m,n)p*(1-p)¥.

The resulting bivariate distribution of %% and Y¥ is

ALY (oY

{x+y)! (~m~n
x+y

which may be called bivariate Poisson—nmegative hypergeometric
distribution (BPNHD). It is interesting to note that this
distribution can also be obtained as a mixture of the joint
distribution of X ~ P(Ap} and Y ~ P{(A(1-p)) with p having
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a beta distribution. It is easy to check that the correlation

between X% and Y¥ is negative.
Theorem 11: (Mahfoud and Patil, 1982): let (X,Y) be a pair
of non-negative independent rv's with joint pdf f(x,y) =

fx(x)fy(y) and let w(x,y) = max{x,y). Then the rv’s (¥, T)¥

are dependent. Further, the regression of Y* on X" given by

E[Y¥{x"=x] is a decreasing function of x.
Theorem 12: (Patil and Rao, 1978): Let (X,Y) be a pair of

non—negative rv's with pdf f(x,y). Let wf wix,y) = w(y) as is
the case in a sampling proportional size type of sample survey,

Then the random variables X and X" are related by

M(x) = Elw{(¥)Ix1f(x) .
E(w(Y)]

Note that XY is a weighted version of X in which case the
regression function of w(Y) on x serves as the weight
function.

Consider the usual Bayesian inference in conjunction with (X,8)

having Jjoint pdf f(x,08) = f(xje)f(e) = f(a|x)f{x}. The
fixleyf(e) _ 2(alx)f(e)
f(x) E[4(8]X)]
as a weighted version of the prior pdf f(8). The weight
function is the likelibood function of 8 for the observed x.
The following table provides the well known conjugate pairs
involving Poisson, binomial, and negative binomial
distributiong. It should be interesting to revisit Theorem 7 of
form invariance of original and weighted distributions in the
context of the form invariance of the prior and the posterior
distributions and related results in Bayesian literature.

posterior pdf f{8}x) = can be interpreted

Theorem 13: Consider the usual Bayesian inference in
conjunction with (X,8) with pdf f(x,8) = f{x{e)f(e) =
F(B|x)f(x). TLet w(x,8) = w(x) be the weight function for the
distribution of X|®, so that the pdf of X"}e8 is
w{x)f(x|8)/wu(8), where w(8) = E(w(X}}{8]. Then the original and
the weighted posteriors are related by
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Table 2: Distributions® of X}@ = 8, 8, and 8|X = x

X|@=0 g 8| X=x
Poisson{8) Gamma (k, A} Gamma(k+x,—ﬁ—)
A+l
Bincmial{n,8) Beta(a,b) Beta(x+a,n—-x+b)
Negative Binomial{k,8) Beta(a,b) Beta(k+ta,xtb)

*For more examples and for relevant notation and terminology,
see Patil et al {1984).

= p(8}®M=x) = —L—f(8|x)/E[—
(a]x) (8 x"=x) (o) (&|x)/E[ (e)lx]

w(B8 [A]

and

E[w(8)|X"=x]

Further the weighted posterior rv e“ix” = x is stochastically
greater or smaller than the original posterior rv 8|X = x
according as w(8) is monotonically decreasing or increasing
function of 8.

Proof: Straightforward, using Theorem 1.
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